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Abstract. We present a new proof of Chern-Ji's mapping theorem on a 
strongly pseudoconvex domain with differentiable spherical boundary. We 
show that a proper holomorphic self mapping of a strongly pseudoconvex do- 
main with the real analytic boundary is biholomorphic. 

0. Introduction and Preliminaries 

We shall show that a bounded domain D is biholomorphic to an open ball B n+1 
whenever the boundary bD is locally biholomorphic to the boundary of an open 
ball B n+1 . 

Theorem 1. Let D be a simply connected bounded domain in C" +1 with differen- 
tiable spherical boundary bD. Suppose that there is a biholomorphic mapping 

<j> e H(unD) nc 1 (unU) 

for a connected open neighborhood U of a point p £ bD satisfying 

<j)(UnbD) C bB n+1 . 

Then the mapping (f> is analytically continued to a biholomorphic mapping from D 
onto B n+1 . 



Our result is a new proof of a weaker version of Chern-Ji's mapping theorem [CJ|. 
The main steps of our proof come as follows: We show that the inverse mapping 
is analytically continued on the unit ball B n+1 to be a locally biholomorphic 
mapping 

if : B n+1 -> D. 

We show that the mapping ip is a proper holomorphic mapping onto a universal 
covering Riemann domain over D. Thus the mapping ip is a biholomorphic mapping 
whenever D is simply connected. 

We shall study on a proper holomorphic mapping (f> between strongly pseudo- 
convex bounded domains D,D' with real analytic boundaries bD,bD'. 

Theorem 2. Let D,D' be strongly pseudoconvex bounded domains in C™ +1 with 
real analytic boundaries bD 7 bD' and <p ■ D — > D' be a proper holomorphic mapping. 
Then the mapping <f> is locally biholomorphic. If D = D' , then the mapping <p is a 
biholomorphic self mapping. 

Our result is a new proof of a weaker version of Pinchuk's mapping theorem 
jp|. The main steps of our proof come as follows: We show that the mapping <fi is 
analytically continued along any path on bD as a locally biholomorphic mapping 
when bD is nonspherical so that the mapping <f> : D — > D' are locally biholomorphic. 
From the study of Theorem |[ we show that the same is true when bD is spherical 
so that the mapping <j> : D — » D' are locally biholomorphic. For the case of D = D' , 
we show that the boundary bD is necessarily spherical whenever the claim is not 
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true. Then we show that there is a sequence of automorphisms <pj £ Aut (D) and 
a sequence of points pj on a compact subset K CC D such that 

<Aj (Pj) -> bD 

whenever the boundary bD is spherical and the claim is not true. We apply Wong- 
Rosay Theorem so that the domain D is biholomorphic to an open ball B n+1 . Then 
we obtain a contradiction that the mapping <f> induces a nonautomorphic proper 
self mapping of an open ball B n+ whenever the boundary bD is spherical and the 
claim is not true. 

We remark that Theorem Q is a weaker version of the following theorem: 

Theorem 3 (cf. Chcrn-Ji [CJ). / Let D be a simply connected bounded domain in 
C" +1 with continuous spherical boundary bD. Suppose that there is a biholomorphic 
mapping 

(f> e h (u n D) n c (u n d) 

for a connected open neighborhood U of a point p £ bD satisfying 

<j)(UnbD) C bB n+1 . 

Then the mapping 4> is analytically continued to a biholomorphic mapping from D 
onto B n+1 . 

We remark that Theorem ^| is a weaker version of the following theorem: 

Theorem 4 (cf. Pinchuk [Pi). / Let D,D' be strongly pseudoconvex bounded do- 
mains in C™ +1 with the boundaries bD, bD' of class C 2 and <j> : D — > D 1 be a proper 
holomorphic mapping. Then the mapping <f> is locally biholomorphic. If D = D' , 
then the mapping <f> is a biholomorphic self mapping. 

We presented parts of this article in the spring meeting of Korean Mathematical 
Society in 2000. This article is a preliminary version. Any comment shall be greatly 
appreciated. Send your comments to wonkpark@hotmail.com. 

0.1. Canonical normalizing mapping. Let M be a nondegenerate analytic real 
hypersurface in C n+1 . For each point p £ M, there is a complex tangent hyperplane 
H„ C T p M so that there is a unit tangent vector v p £ T p M perpendicular to the 
complex tangent hyperplane H p with respect to the usual riemannian metric in 
C™ +1 = M 2n+2 . Then we can take a unique distinguished chain 7 P tangential to the 
direction v p and passing through the complex tangent hyperplane H p at the point 



p on M (cf. [Pa3|). Further, there is a distinguished normal parametrization on 
the chain j p having the same values up to order 2 of the straight real line to the 
direction v p with the usual euclidean parametrization.. Therefore, we can take a 
distinguished normalizing mapping ji p to Moser normal form 

p, p : M -> p, p (M) 

sending the germ M at the point p to a normal form such that p, p {p) is the origin 
and n P (j p ) is on the straightened chain of the normal form. 

We take a local orientation near the point p £ M so that the tangent vector 
v p extends to a smooth unit vector field v on M U for an open neighborhood U 
of the point p such that v q £ T q M is a unit tangent vector perpendicular to the 
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complex tangent hyperplane H q for each q £ M PI U. Then we obtain a family of 
the distinguished normalizing mapping fi q for q £ M PI U : 

p q :M^ fi q (M) 

associated the unit tangent vector v q £ T q M\H q . The distinguished normalizing 
mapping /i q shall be called the canonical normalizing mapping associated Moscr 
normal form. 

Lemma 5. Let pj £ M be a sequence of points converging to a point p £ M. Then 
there is a positive real number 5 > such that 

1. the mapping p Pj and its inverse (i~ are analytically continued respectively on 

B(pf,S) and B(0;S) 

as a biholomorphic mapping, 

2. the real hypersurface \i v - (M) is analytically continued on B (0; 8) by its defin- 
ing equation, 

3. the sequence \i~ uniformly converges to /i" 1 on B (0; <5) as a biholomorphic 
mapping, 

4. the sequence \i v (M) uniformly converges on B(0;S) to the real hypersurface 

(M) . 

Let H be the local automorphism group at the origin of the real hyperquadric 

v = (z,z). 

The isotropy subgroup Aut p (M) is naturally identified to the isotropy subgroup 
Auto (fi p (M)) by the following relation: 

/ip o <j) o n p 1 e Aut {f-p (M)) for 4>£Aut p (M). 

Note that every biholomorphic mapping ip between real hypersurfaces in normal 
form is faithfully represented by a natural group action of the isotropy subgroup 
H(cL pa3[ ) such that 

(f = N e for e S H. 

Because \i p (M) is in normal form, there is a natural identification of a local auto- 
morphism 4> £ Aut p (M) to an element 



where U^,, a^,, p^,,r^ are the normalizing parameters (cf. [Pa3]) of the mapping 

l± p o(j)o p,^ 1 e Auto (p P (M)) . 

Lemma 6. // the isotropy subgroup Aut p (M) is compact, then Aut p (M) is iso- 
morphic to the subgroup 

{{U^, a , p , 7> ) e H : (j) e Autp (Af )} 

as a Lie group. 
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0.2. Preliminary Lemmas. We have lemmas on the automorphism of B n+1 . 

Lemma 7. Let p 7 q be two distinct points on bB n+1 and (p G Aut (bB n+1 ^j be a 
local automorphism of bB n+1 such that 

(p) ^ <?■ 

Then there is a unique decomposition 

(f> = ip o if 

where 

tp e Aut p (bB n+1 ) , tp G Aut q (bB n+1 ) 

and the local automorphism ip acts trivially on the complex tangent hyperplane of 
bB n+1 at the fixed point q. 

Proof. Note that the isotropy subgroup Aut q (&_B™ +1 ) acts on bB n+1 \q transitively. 
Further, there is a unique element ip G Aut q (bB n+1 ) for each point displacement 
on bB n+1 \q by requiring the element ip acts trivially on the complex tangent hy- 
perplane of bB n+1 at the point g(cf. |Pal |). 

Let's put p' — <j) ip) ■ Since p' ^ q, we take a unique automorphism ip G 
Aut q (bB n+1 ) such that 

-0 {p') = p. 
Then tp = ip o g Aut p (bB n+1 ) so that 

(j) = ip^ 1 o p. 

This completes the proof. □ 

Lemma 8. Let p, q be two distinct points on bB n+1 and <p £ Aut (bB n+1 j be a 
local automorphism ofbB n+1 such that 

p' = <t> (p) ^ q- 

Then there is a unique decomposition 

(p = ip o ip 

where 

p G Aut p , (bB n+1 ) , i> G Aut q (bB n+1 ) 

and the local automorphism ip acts trivially on the complex tangent hyperplane of 
bB n+1 at the fixed point q. 

Proof. By Lemma |§|, there is a decomposition 

(p^ 1 = Ip o p 

where 

tp G Aut p ' (bB n+1 ) , ip G Aut q (bB n+1 ) 

and the local automorphism ip acts trivially on the complex tangent hyperplane of 
bB n+1 at the fixed point q. Hence we obtain 
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where 

ip- 1 e Aut p , (bB n+1 ) , V" 1 G Aut q (bB n+1 ) . 
This completes the proof. □ 

Lemma 9. Let <f)j be a sequence of automorphisms of B n+1 . Suppose that the se- 
quence 4>j converges to a holomorphic mapping X uniformly on every compact subset 

of B n+1 . Then the mapping X is either a constant mapping or an automorphism of 
B n+1 

Proof. Note that the mapping A satisfies 
(1) A (_B n+1 ) C 

and a complex line is mapped to a complex line under the biholomorphic automor- 
phism of the unit ball B n+1 . 

Suppose that there is a complex line tt such that 

7rnB B+1 ^i and A (tt n B n+l ) = 0. 

Note that bB n+1 is strongly pseudoconvex so that, by the condition [l], there is a 
point q 6 bB n+1 satisfying 



q = A(tt) n B n + l . 

Then we obtain 

Let x be an interior point of w PI B n+1 and p' be an arbitrary point of B n+1 so 
that we take a complex line tt' passes through x and p' . Since B n+1 is strongly 
pseudoconvex, the maximum modulus theorem of one complex variable yields 

so that the mapping A is a constant mapping. 

Suppose that the mapping A is not a constant mapping. Then, for a complex 
line tt satisfying 

tt n B n+1 ± 0, 

there is a real number e > such that 

(2) \^ (tt n B n+1 )\ > e 
where \cj)j (tt n £?" +1 ) | is the area of the analytic disk 

4>j (7rnS" +1 ) . 
We take a point p £ tt n bB n+1 so that 

(3) ^(p)^p'e6S" +1 . 
Then we take a point p" € bB n+1 such that 



p" ^ (p) : j G N+}, 
if necessary, passing to a subsequence. We have the following decomposition 

4>3 = <Pj ° 
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where 

ipj £ Autp> (bB n+1 ) and ipj € Aut p » (bB n+1 ) 

where the automorphisms ipj act trivially on the complex tangent hyperplane at 
the fixed point p" . Then we obtain 

Uifrj = id n xn, P4>j = 1- 

By the condition |3|, there is a real number e > such that 

\<Hj I - e ' \ r i>j I - e - 

By the condition there is a real number e > 0, if necessary, increasing e, such 
that 



< e. 



Since the mapping A is not a constant mapping, there is a real number e > 0, if 
necessary, increasing e, such that 

< \ptpj | < e, \r Vj | < e. 

Since bB n+l is strongly pseudoconvex, we have 

|iy = i. 

Then the Jacobian determinant det ip'j is uniformly bounded from the zero on an 
open neighborhood of the point p G bB n+1 . By Hurwitz theorem, the mapping 
A is locally biholomorphic and, further, the mapping A is one-to-one. Hence the 
mapping A is an automorphism of the unit ball B n+l . This completes the proof. □ 

We have lemmas on the chain of bB n+1 . 

Lemma 10. Let 7 : [0, 1] — > bB n+1 be a chain-segment on bB n+1 . Then there is a 
complex line it such that 

7 [o,i] c irn bB n+1 . 

Proof. We take a point p G 7JO, 1]. Then the chain-segment fi p oj[0. 1] on fi p (6_B" +1 ) 
is on a complex line 7r'(cf. ]Pa3| ). Since the canonical normalizing mapping fi p of 
the sphere bB n+1 is a fractional linear mapping(cf. ]Pa3|), we take 



■K = [l p (7T ) 

so that 

7 [0,1] C nnbB n+1 . 

This completes the proof. □ 
Lemma 11. Let n be a complex line such that 

n n B n+1 ^ ID. 

Then the circle tt f] bB n+1 is a chain on bB n+l . 
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Proof. We take a point p g tt n bB n+1 . Then we obtain 

M P (tt) n Mp = /i p (tt n ^ 0. 

Since the canonical normalizing mapping fi p of the sphere bB n+1 is a fractional 
linear mapping(cf. |Pa3 |), fj, p (tt) is a complex line so that fi p (tt) n /Lt p is a 

chain(cf. ]Pa3 |). Thus the circle 

tt n - fi- 1 (fi p (tt) n Mp (bB n+1 )) 

is a chain as well. This completes the proof. □ 

Lemma 12. Let 7 be a chain passing through a point p G bB n+1 and <5 7 be an 
analytic disk such that 

7 = tt n and <5 7 = tt n B n+1 

where tt is a complex line. Let d 1 be the angle between the tangent vector of 7 at 
the point p and a unit vector v p perpendicular to the complex tangent hyperplane at 
the point p £ bB n+1 and \6~\ be the area of the analytic disk 5~. Then 



I tan 9y\ — > 00 



if and only if 

Proof. We easily see that 

if and only if 



|<5 7 |^0. 



TT 

2 



i 7 | = |taii# 7 | — > 00. 



Note that the complex line tt would be on the complex tangent hyperplane of bB n+1 
at the point p if 

Since bB n+1 is strongly pseudoconvex and B n+1 is strongly convex, the complex 
tangent hyperplane of bB n+1 at the point p has no intersection to B n+1 . Thus we 
easily see 

if and only if 

14,1 -0. 

This completes the proof. □ 



We may require the following well-known results in this article(cf. [Kr|, [Ra|, 

Lemma 13 (Lewy, Pinchuk). Let D,D' be domains with strongly pseudoconvex 
real analytic boundaries bD, bD' and U be a connected open neighborhood of a point 
p G bD. Suppose that there is a holomorphic mapping <j) on U n D such that 

4>e J ff(L/nD)nc 1 (unD) , <t> (u n bD) c bD' 

and the induced mapping (f> : UHbD — > bD' is CR diffeomorphic. Then the mapping 
(f> is analytically continued on U, if necessary, shrinking U. 
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Lemma 14 (Lewy). Let D be a domain with a strongly pseudoconvex boundary bD 
and U be an open connected neighborhood of a point p G bD. Suppose that there is 
a holomorphic mapping <f> on U n bD. Then there is an open neighborhood V of the 
point p such that the mapping <j> is analytically continued onto 

VnD. 

Lemma 15 (Wong, Rosay). Let D be a strongly pseudoconvex bounded domain. 
Suppose that there is a compact set K CC D and a sequence pj G K and automor- 
phisms <pj € Aut (D) such that 

4> s ( Pj ) -> bD. 

Then the domain D is biholomorphic to an open unit ball B n+1 . 

Lemma 16 (Bell-Catlin, Diederich-Fornaess). Let D,D' be strongly pseudoconvex 
bounded domains with the boundaries bD, bD' of class C°° and (f> : D — > D' be a 
proper holomorphic mapping. Then <fi : D — > D' is a locally biholomorphic mapping 
and the induced mapping <f> : bD — > bD' is a locally CR diffeomorphism. 

1. Analytic Continuation on a Sphere 

1.1. Analytic continuation with finiteness. Let D be a domain in C™ +1 , n > 1, 

with real analytic boundary bD. The boundary bD shall be called spherical if, for 
each point p G bD, there is a connected open neighborhood U of the point p and a 
biholomorphic mapping <fi on U such that 

<t>{U^bD) C bB n+1 . 

Note that a domain D with spherical real analytic boundary is necessarily strongly 
pseudoconvex. 

Lemma 17. Let p be a point ofbB n+1 and U be a connected open neighborhood of 
the point p. Suppose that there is a biholomorphic mapping (j) on U such that 

(4) <j)(UnbB n+l ) c bB n+1 . 

Then the mapping <f> is analytically continued on an open neighborhood of the closed 
ball 

Proof. Note that each local automorphism tp £ Aut p (bB n+1 ^j for any point p G 
bB n+1 is necessarily birational such that ip is analytically continued on an open 
neighborhood of B n+1 as a biholomorphic mapping(cf. flPalfl ) . 

Let's put q = 4>(p) . We take a point r G bB n+1 such that r ^ p, r ^ q. Then we 
take an automorphism 

ijj G Aut r (bB n+1 ) 

satisfying 

ip(q)=p 

so that 

tp = tp o <f> g Aut p (bB n+1 ) . 
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Then the mapping tp 1 otp is an automorphism of B n+1 and an analytic continuation 
of the mapping <f> such that 

<p — tp^ 1 o tp on U. 
This completes the proof. □ 

Theorem 18. Let D be a domain in C n+1 with spherical real analytic boundary 
bD. Suppose that there is a connected open neighborhood U of a point p G bD and a 
biholomorphic mapping <p on U such that p(U DbD) C bB n+1 . Then the mapping 
<j) is analytically continued along any path on bD as a local biholomorphic mapping. 

Proof. Suppose that the assertion is not true. Then there would be a path 7 : 
[0, 1] — + bD such that 7 (0) G U fl bD and the germ of a biholomorphic mapping <p 
at the point 7 (0) is analytically continued along the subpath 7[0,r] with all t < 1 
as a local biholomorphic mapping, but not the whole path 7[0, 1]. 

Since bD is spherical, by definition, there exist a connected open neighborhood 
V of the point 7(1) and a biholomorphic mapping tp on V such that 

p{V DbD) C bB n+1 . 

We take A G [0, 1) such that 

7(7-) G V n bD for all r G [A, 1] 

and we take a sufficiently small connected open neighborhood W of the point 7 (A) 
such that <p is analytically continued on W C V along the path 7[0, A] and 

ip (W) n bB n+1 ^ 0. 

Then we have 

tp(ip(W)nbB n+1 ) cbB n+1 

where 

tp = <j> o tp~ l . 

By Lemma [n], ip is analytically continued on an open neighborhood of bB n+1 
as a local biholomorphic mapping. By abuse of notation, the mapping ip o (p is 
biholomorphic on the open set V such that 

ip o tp = <f> on W. 

Thus the germ tp o tp at the point 7(1) is an analytic continuation of the germ <p 
at the point 7(0) along the path 7 [0,1] as a local biholomorphic mapping. This 
contradiction completes the proof. □ 

Lemma 19. Let D be a bounded domain in C" +1 with spherical real analytic 
boundary bD such that the fundamental group 7Ti (bD) is finite. Suppose that there 
is a connected open neighborhood U of a point p G bD and a biholomorphic map- 
ping 4> on U such that <fi(U D bD) C bB n+1 . Then tp is analytically continued to a 
biholomorphic mapping from D onto B n+1 . 

Proof. By Lemma O, the mapping <p is analytically continued along any path on 
bD as a local biholomorphic mapping. Let E be the path space of bD pointed at 
the point p mod homotopy so that E is a universal covering of bD with a natural 
CR structure and a CR projection tp : E — > bD. Then there is a unique CR lift 
tp : E — > bB n+1 as the analytic continuation of the biholomorphic mapping <p. Note 
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that ip : E — > bB n+1 is an open mapping because (p and <p are both locally CR 
diffeomorphisms. 

Since bD is finitely connected, E is necessarily compact so that the mapping 
ip : E — > bB n+1 is surjective. Further, the mapping -0 : £7 — > bB n+1 is a simple 
covering map because -0 is locally a CR diffeomorphism and the sphere bB n+1 is 
simply connected. Hence there exists a locally biholomorphic mapping A : bB n+1 — > 
defined by 

A = ^o^ 1 on 

By Hartogs extension theorem, the mapping A uniquely extends to the open ball 
B n+l as a local biholomorphic mapping and, further, the extension is smooth up 
to the boundary. Hence A is well defined as a locally biholomorphic mapping on an 
open neighborhood of B n+1 by Lemma |l3|. 

We obtain a proper mapping A : B n+1 — > D so that A is a globally branched 
covering and the branched locus of A cannot be bounded by bD. Since A -1 = cp 
is locally biholomorphic on bD, A : B n+1 — > D and A : bB n+1 — > W3 are finite 
coverings respectively of D and 6D. Since the closed ball i? n+1 has the fixed point 
property, the mapping A : B n+1 — > D is globally one-to-one. Otherwise, there would 
be a nontrivial deck transform of B n+1 which is continuous on B n+1 without a fixed 
point. Hence the mapping A -1 : D — > B n+ is biholomorphic with A -1 = <fi on bD. 
This completes the proof. □ 

Theorem 20. Let D be a bounded domain in C" +1 with a connected spherical 
real analytic boundary bD. Suppose that there is a biholomorphic mapping cf> on a 
connected open neighborhood U of a point p £ bD satisfying 

(17 n bD) C bB n+1 

such that the analytic continuation of <p on the boundary bD yields finitely many 
germs at each point on bD. Then D is necessarily simply connected and the mapping 
4> is analytically continued to a biholomorphic mapping from D onto B n+ . 

Proof. We claim that there is a finite covering space E\ of bD with a natural CR 
structure and a CR projection tpi : Ex — ► bD and a local CR diffeomorphism 
ipi : Ei — ► bB n+1 satisfying the relation ipi = <f> o ip-^. Then the desired result 
follows from this claim by the same argument in the proof of Lemma [l^. 

Let E be the path space of bD pointed at the point p £ bD mod homotopy 
so that E is a universal covering of bD with a natural CR structure and a CR 
projection ip : E — > bD. Then there is a unique CR lift -0 : E — > bB n+1 : 

E 

i<f> \ 

bD bB n+1 

satisfying the relation ip = 4> o ip. Note that ip : E — > bB n+1 is an open mapping 
because <p and ip are both local CR diffeomorphisms. Let F be the image of the 
mapping ip such that F = ip (E) . Then F is an open subset of bD. 

Suppose that bF ^ 0. Then we take a point p £ bF and a sequence pj G F 
such that pj — * p. Thus there exists a point qj € 6D and germs of biholomorphic 
mappings (pj such that 



YOUR COMMENT TO WONKPARK@HOTMAIL.COM 



11 



where <j>j are analytic continuations of the mapping (j> on bD. Since bD is compact, 
there exist a point q £ bD and a subsequence q mj of qj such that q mj — ► g. Further, 
by passing to a subsequence, if necessary, we may assume that 

0* = ^m, for all rrij 

because the analytic continuation of the mapping <f> yields only finitely many germs 
at the point q £ bD. Hence we obtain 

4>* (q) = lim 4> m (q m ) = p £ F. 

This contradiction implies that bF = 0, i.e., tp (E) = bB n+1 . 
For each point q £ bB n+1 , there is a subset X q c E such that 

X q = {p£E:iJj (p) = q} . 

Since tjj is a CR diffcomorphism, X q is necessarily a discrete set on E. Then we 
define a subset Y q C 6-D such that 

Y q = W(p)£bD: P £X q }. 

Suppose that Y q has an accumulation point y £ bD. Then there is a sequence of 
point pj £ bD satisfying 

Pj -> y and ^ ^ y, 
and biholomorphic mappings <f)j such that 

<t>j (Pj) = 9 

where the mapping at the point is the analytic continuation of the mapping 
<f>. Because the analytic continuation of <f> yields only finitely many germs at the 
point y, we can take a subsequence of <fi and a biholomorphic mapping <fi* such that 
4>* = 4> mj . Then we have 

(jy* (y) = lim <j> mj (p mj ) = q. 

Since <fi* is locally biholomorphic, it is impossible that <f)* (p mj ) = 1 = <t>* (y) and 
Pmj — * y,Pnij 7^ y at the same time. Thus we find that the set Y q is finite. 

Therefore, the analytic continuation of the mapping on bD is mapped to a 
point of bB n+1 only at finitely many points of bD. Since the analytic continuation 
of the mapping <f) yields finitely many germs at each point on bD, only finitely many 
germs of the analytic continuation of the mapping <j> on bD are mapped to each 
point of bB n+1 . Then, by the compactness of bB n+1 , we obtain a finite covering 
space Ei of bD satisfying all conditions in the claim. This completes the proof. □ 

1.2. First Dogginal Lemma. 

Lemma 21 (First Scaling Lemma). Let p be a point of the boundary bB n+1 and 
Pj, j £ N + , be a sequence of points of bB n+1 such that pj ^ p for all j and pj — > p 
as j — > oo to a direction transversal to the complex tangent hyperplane at the point 
p £ bB n+1 . Let Ej be the euclidean distance between the two points pj and p, and 
Sj be the analytic disk 



Sj = 7Tj n B n+1 
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where Ttj is the complex line passing through the two points pj and p. Suppose that 
there is a sequence p'j of points of bB n+1 satisfying 

p'j^p' e bB n+ \ 

and a sequence of biholomorphic automorphisms <j>j G Aut (i? n+1 ) satisfying 

<l>j ip'j) =Pj 

such that the sequence (pj converges to a constant mapping and the area j^J 1 
of the analytic disks 

is bounded from the below, i.e., there is a real number c > satisfying 

Then there is a subsequence (p mj and a sequence of local automorphisms Oj G 
Aut Pm . (B n+1 ) such that 

and the composition 

aj 1 o 4> mi : B n+1 B n+1 

uniformly converges to an automorphism of the unit ball B n+1 . 

Proof. Note that there is a subsequence <p mj which converges to the point p G 
bB n+1 uniformly on every compact subset of the unit ball B n+1 . We take a point 
p' G bB n+1 such that p' ^ p and 

p' £{ Pmj . j G N+ } , 

if necessary, passing to a subsequence.. Then, by Lemma |§|, there is a unique 
decomposition of the automorphism (p m . such that 

<t>m.j = fj i>j 

where 

tpj G Aut Pm . (bB n+1 ) , tpj G Aut p , (bB n+1 ) 

and the local automorphism tpj acts trivially on the complex tangent hyperplane 
of bB n+1 at the fixed point p'. 

Let U^p j , pty. , a^p. , r^,. be the normalizing parameters of the local automorphism 
tpj. Since the local automorphism tpj acts trivially on the complex tangent hyper- 
plane of bB n+1 at the fixed point p', we obtain 

Since the sequence (p mj uniformly converges to the point p, there is a real number 
e > such that 

(5) \a^ j | ^ e ' \ r i>j I - e - 

Let TTj be the complex line passing through the two points p and p mj . Since the 
points pj converges to the point p to a direction transversal to the complex tangent 
hyperplane at the point p G bB n+1 , the analytic disks 

Sj = TTj nB n+1 

is uniformly bounded in their area from the below by a positive number. 
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Let U ipj , p Vj , a Vj , r Vj be the normalizing parameters of the local automorphism 
<Pj. Note that the analytic disk 

<f> m ) Vj) 

is mapped by <f> m onto the analytic disk Sj, where the areas of the analytic disks 
in both classes 

<Pm) i S j) and 1^1 

are bounded from the below. Since the chain </>~* {bSj) is mapped by 4> mj to the 
chain bSj, there is a real number e > 0, if necessary, increasing e, such that 

(6) \a Vj | < e. 

Since the area of the analytic disks 5j is bounded by a positive number, the point 
p is attracted to the center of the local automorphism Aut Pm . (bB n+1 ) . Then, by 
passing to a subsequence, if necessary and increasing e, there is a real number e > 
such that 

(7) K\<e 
and 

p Vj — > as j — > oo. 
Since bB n+1 is strongly pseudoconvex, we obtain 

\U Vj \=l. 

Let rjj be a local automorphism in Aut Pm (6B n+1 ) defined by the normalizing 
parameters 

U rjj — id n xni Pr/j = Pipj j a rjj = 0, r rj . = 0. 

Then the composition 

has the same normalizing parameters of the mapping ipj except for p v i = 1, i.e., 

U v '. — U Vj , p v '. = 1, = a Vj , r v '. — r Vj . 

Therefore, by passing to a subsequence, if necessary, the sequence 

Tj = Vi 1 o : B n+1 -> B n+1 

converges by Hurwitz theorem to a locally biholomorphic mapping. Since Tj are 
automorphism of B n+1 , the sequence Tj converges to an automorphism of B n+1 . 
Let q e B n+1 be the limit point of the sequence 

^(p'm^qeB^. 

We set 

A ? = 

The sequence Xj converges to the distance between the two distinct points q and 
p e bB n+1 so that there is a real number e > such that 

(8) e" 1 < |Aj| < e, 
if necessary, increasing e. 
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Let Gj be a local automorphism in Aut Pm (bB n+1 ) defined by the normalizing 
parameters 

U aj = id nX m P<jj — Eniji a o-j — 0, r rJ] = 0. 

Then the composition 

<p'! = a J 1 o Vi e Aut Pm . (bB n+1 ) 
has the same normalizing parameters of the mapping ipj except for p v n — Aj" 1 , i.e., 

— U lfij , p v » — \j , a v 'i = a Vj , r v » = r Vj . 
Therefore, by the estimates H [| 0, |[ the sequence 

rj = a J 1 o <$> m . : ^ 
uniformly converges to an automorphism of B n+ . This completes the proof. □ 

Lemma 22. Let D be a bounded domain in C™ +1 with spherical real analytic 
boundary bD. Suppose that there is a connected open neighborhood U of a point 
p G bD and a biholomorphic mapping (j> on U such that (f>(U (1 bD) C bB n+1 and 
the inverse mapping tf)~ 1 on bB n+1 is analytically continued along every chain of 
bB n+1 . Then the mapping 4> is analytically continued to a biholomorphic mapping 
from D onto B n+1 . 

Proof. The chain on bB n+1 is characterized to be the intersection of a complex line 
on bB n+1 . Thus the chains on bB n+1 form a continuous family so that the analytic 
continuity of the inverse mapping 4>~ l along every chain on bB n+1 is equivalent to 
the analytic continuity along any path on bB n+1 . 

Note that the inverse mapping _1 is analytically continued along any path 
on bB n+1 and, by Hartogs extension theorem, the branching locus of a proper 
mapping cannot be bounded by bD. Since bB n+l is simply connected, by the 
monodromy theorem, the mapping </> _1 is analytically continued to, by abuse of 
notation, a locally biholomorphic proper mapping </> _1 : B n+1 — > D such that 
(bB n+1 ) = bD. By the fixed point property of the closed ball B n+1 , the 
proper mapping <fr x : B n+1 — > D is globally one-to-one so that the mapping 
0-i . j^n+i _^ jj j g biholomorphic. This completes the proof. □ 

Lemma 23. Let D be a domain in C I1+1 with spherical real analytic boundary bD 
and U be a connected open neighborhood of a point p £ bD. For a chain 7 on 
bD passing through the point p and tangential to the direction with an angle 9^ 
with respect to a unit vector v p at the point p perpendicular to the complex tangent 
hyperplane, we denote |a 7 | = |tan# 7 |. Then there is a real number e > such 
that every chain 7 passing through the point p with |a 7 | > e is the boundary of a 
nonsingular analytic disk 5 1 C U D such that 

7 = 5^nbD. 

Proof. We take a biholomorphic mapping (f> on the open set U, if necessary, shrinking 
U such that 



cj)(U n bD) C bB 
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Every chain A on bB n+1 is an intersection with a complex line ir\ such that 

X = TTxC)bB n+1 . 

For a sufficiently large real number e > 0, each chain 7 with |a 7 | > e is obtain by 
the relation 

7 = 0- 1 (A) 

where the chain A on bB n+1 satisfies the condition 

Tlx n B n+1 c<f>(UnD). 

Then we take 

5 7 = r 1 (ta n B n+1 ) . 

This completes the proof. □ 



Lemma 24 (First Dogginal Lemma). Let D be a bounded domain in C n+1 with 
spherical real analytic boundary bD and <f> be a biholomorphic mapping on a con- 
nected open neighborhood U of a point p S bB n+1 satisfying 

c/)(UnbB n+1 ) c bD. 

Suppose that there is a chain-segment 7 : [0, 1] — > bB n+1 such that 7 (0) £ UC\bB n+1 
and the mapping <f> is analytically continued along the subpath 7[0,r] for all t < 1, 
but not the whole path j[0, 1] as a local biholomorphic mapping. Let it be the complex 
line containing the chain-segment 7[0, 1]. Then there is an open neighborhood V 
along the path 7[0, 1] such that 

1. 7[0,r] C V for all t < 1 , 

2. bV fl 7T n B (7 (1) ; S) is an angle for a sufficient small 5 > 0, which contains 
the chain-segment j[0, 1], 

3. 6V n bB n+1 n -B (7 (1) ; <5) is slanted paraboloid for a sufficiently small S > 0, 
which smoothly touches the complex tangent hyperplane at the point 7(1), 

4. the mapping <f> is analytically continued on V as a local biholomorphic map- 
ping. 

Proof. By the analytic continuation of the mapping <f> along the subpath 7[0,r] 
for all t < 1, there is a path <f> o 7 : [0, 1) — ► bD. Then we consider the following 
sequences 

Pj = 7 ( 1 ~;))' for ieN + , 

p'j = 0o7^1-i^, forjGN + . 
Since bD is compact, there is a subsequence p^. and a point p' 6 6Z) such that 

P'rn 3 -> P'< 

By Theorem [l8|, the mapping <f>~ x is analytically continued along the path (f> o 
7[0, 1) C bD. 

Let ipj be the analytic continuation of the mapping (\>~ x at the point p' m . along 
the path (f>oj[Q, 1) c 6D. By Theorem |lg|, there is an open neighborhood W of the 
point p' such that </3j is locally biholomorphic on an open neighborhood of WC\bD. 



16 



YOUR COMMENT TO WONKPARK@HOTMAIL.COM 



By Lemma |14|, we may assume that tpj is holomorphic on W n D, if necessary, 
shrinking W. 

Since bD is spherical, there is an open neighborhood W of the point p' , if neces- 
sary, shrinking W, and a biholomorphic mapping (p on W such that 

ip(WnbD) c bB n+1 . 

Then, by Lemma |l^, the compositions 

fa = <p 3 o ^ ■ <p (W) n bB n+1 C bB n+1 

are analytically continued, by abuse of notation, to automorphisms <f>j of the unit 
ball B n+1 . Without loss of generality, we may assume that the sequence (pj converges 
to a holomorphic mapping uniformly on every compact subset of B n+1 . 
We set 

Pl 3 = V (p' mj ) e bB n+1 and p" = v (p') 

so that 

Hence the relation 

<t>3 (PmJ =Pm 3 

yields 

h [p'L-) -^p- 

By Lemma ^, the mapping converges to either a constant mapping or an 
automorphism of B n+1 . We claim that the sequence <j>j converges to the point p 
uniformly on every compact subset of B n+1 . Otherwise, the sequence <j>j converges 
to an automorphism of B n+1 so that the sequence 

converges to a biholomorphic mapping on an open neighborhood W of the point 
p' . Then there is a real number 5 such that the mapping (pj and its inverse tpj 1 are 
analytically continued respectively on 

Bip'mp 5 ) and B{p m .\8) 

as a locally biholomorphic mapping. Thus the mapping <fi = ipj 1 is biholomorphic 
on B (pmj ; <5) for every point p mj — ► p. This is impossible by the hypothesis on the 
mapping <fi. Thus, by Lemma ^, the sequence (j>j converges to the point p on every 
compact subset of B n+1 . 

Let TTj be the complex line passing through the two points p and p mj , and Sj be 
the analytic disk 

5 j =n j HB n+1 . 

Let Ej be the euclidean length between the two points p and p m . . Note that the 
area J^" 1 (Sj)\ of the analytic disk 
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is bounded from the below. Otherwise, by Lemma |23|, the mapping <fi — ipj 1 is ana- 
lytically continued over the point p as a locally biholomorphic mapping. Therefore, 
by First Scaling Lemma, there is a sequence aj S Aut Pm . (bB n+1 ^j such that 

and the sequence 

ipj = aj 1 o cj) 3 

converges to an automorphism of B n+1 . 

Note that there is a real number 8 > such that the mapping ip and its inverse 
ip^ 1 are biholomorphically continued respectively on 

B(p 5) and B[p'^.;5^, 

if necessary, passing to a subsequence. Further, there is a real number 8 > 
such that the mapping ipj and its inverse ipj 1 are biholomorphically continued 
respectively to 

B (p' mj ; <*) and B (Pm 3 ; <*) . 

if necessary, shrinking 8. Then the mapping 

4> = Vj 1 

is biholomorphically continued on the open neighborhood 

Uj (B (p mj ;5)) . 
For a canonical normalizing mapping j it Pm . , we obtain 

/ -l I z * = \/£j z 

Since p mi — > p, by Lemma [| there is a real number 8 > such that the mapping 
/^ Pm and its inverse are biholomorphically continued respectively to 

B( Pm] -8) and B(0;<5). 

Hence the mapping 

is biholomorphically continued on 

^(S(0;5)). 

Since p TO;j — > p, by Lemma ^[ the canonical normalizing mapping fx Pm uniformly 
converges to the mapping [i v so that the mapping cf> is biholomorphically continued 
near the point p m . on 

°^(B(0;<5)). 

Therefore, the analytically continued region of the mapping <f> along the chain 
7[0, 1) C bB n+1 contains an open set along the chain 7[0, 1] which touches to 
the point 7 (1) by an edge shape transversal to bB n+1 and by a slanted paraboloid 
shape on bB n+1 . This completes the proof. □ 



18 



YOUR COMMENT TO WONKPARK@HOTMAIL.COM 



1.3. Doggaebi variety on a sphere. Let 4> be a biholomorphic mapping on 
an open neighborhood U of a point p € bD satisfying (p(Uf] bD) C bB n+1 . Let 
i C bB n+1 be the singular locus of the analytic continuation of the mapping 
which shall be called the Doggaebi variety associated to the mapping <fi. 

Lemma 25 (Second Scaling Lemma). Let p be a point of the boundary bB n+1 and 
Pj, j G N + , be a sequence of points of bB n+1 such that p rj ^ p for all j and pj —>■ p 
as j — * oo to a direction tangential to the complex tangent hyperplane at the point 
p 6 bB n+1 . Let £j be the euclidean distance between the two points pj and p, and 
Sj be the analytic disk 

5 3 = TTj n B n+1 

where TTj is the complex line passing through the two points Pj and p. Suppose that 
there is a sequence p'j of points of bB n+1 satisfying 

p'j^p' EbB n+1 , 

and a sequence of biholomorphic automorphisms <pj £ Aut (_B™ +1 ) satisfying 

<t>j (p'j) =Pj 

such that the area l^J 1 of the analytic disks 

^ (Sj) 

is bounded from the below, i.e., there is a real number c > satisfying 

|^(^)| > c . 

Then there is a subsequence 4> mj and a sequence of local automorphisms Oj S 
Aut Pm . (bB n+1 ) such that 

and the composition 

aj 1 o <f> mj : B n+1 B n+1 

uniformly converges to an automorphism of the unit ball B n+1 . 

Proof. Note that there is a subsequence 4> mj which converges to the point p € 
bB n+1 uniformly on an open neighborhood of the closed ball B n+l . We take a 
point p" € bB n+1 such that p" ^ p and 



p" i { Pmj -jeN+}, 

if necessary, passing to a subsequence.. Then, by Corollary ||, there is a unique 
decomposition of the automorphism <f> m - such that 

<f>mj = Pi ° ipj 

where 

tpj € Aut Pm . (bB n+1 ) , Vi G Aut p „ (bB n+1 ) 

and the local automorphism tpj acts trivially on the tangent hyperplane of bB n+1 
at the fixed point p' . 
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Let U^, j , p t f >j , a t f lj , be the normalizing parameters of the local automorphism 
ipj. Since the local automorphism tpj acts trivially on the tangent hyperplane of 
bB n+1 at the fixed point p", we obtain 

Since the sequence <p mj uniformly converges to the point p, there is a real number 
e > such that 

(9) \a^ | < e, \r^ j \ < e. 

Let 7Tj be the complex line passing through the two points p and p mj , and Sj be 
the analytic disks 

,5,=7r,ni?"+ 1 . 

Let <Tj be a local automorphism in Aut Pm . {bB n+1 ) defined by the normalizing 
parameters 

U aj — id n xm Paj = £ mj j flo-j — 0, r aj = 0. 

Since the points pj converges to the point p to a direction tangential to the complex 
tangent hyperplane at the point p e bB n+1 , the area jcrj 1 (Sj)\ of the analytic disk 

"J 1 (^) 

is bounded from below. 

Let U Vj , p Vj , a lfij , r (fij be the normalizing parameters of the local automorphism 
(fij. Note that the analytic disk 

is mapped by a J 1 o <f> m . onto the analytic disk 

vjHSj) 

where the areas of the analytic disks in both classes are bounded from below. 
Further, the normalizing parameters a v ',,r v >, of the composition ip'j = &J 1 ° fj is 
the same value of a Vj , r Vj , i.e., 

so that there is a real number e > 0, if necessary, increasing e, such that 

(10) \a Vj \<e. 

Since the area of the analytic disks a J 1 (Sj) is bounded by a positive number, the 
point p should be attracted to the center of the local automorphism Aut Pm . (bB n+1 ) . 
Hence, by passing to a subsequence, if necessary and increasing e, there is a real 
number e > such that 

(11) M<e 
and 

p Vj -^0 as j — > oo. 
Since bB n+1 is strongly pseudoconvex, we obtain 
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We set 

Ai = 



£ 2 
III 



so that there is a real number e > such that 
(12) e" 1 < |A,| < e, 

if necessary, increasing e. Then the composition 

(ft, = aj 1 o tp; e Aut Pm . (bB n+1 ) 

has the same normalizing parameters of the mapping ipj except for p v ' = XJ 1 , i.e., 

U v ', = Uipj, p v >, — Xj , = ciipj, r^,/ = r Vj . 

Therefore, by the estimates |[ [To[ glj, [Tj| the sequence 

Tj = aj 1 o i> m . : B n+1 -> B n+1 
uniformly converges to an automorphism of B n+ , This completes the proof. □ 

Theorem 26. Let D be a bounded domain in C™ +1 with spherical real analytic 
boundary bD. Suppose that there is a biholomorphic mapping 4> on a connected 
open neighborhood U of a point p S bD satisfying 

(j){UC\bD) C bB n+1 . 

Then the Doggaebi variety L associated to the mapping cj> is a finite subset ofbB n+1 
such that the inverse mapping is analytically continued along any piecewise 
chain curve on bB n+1 \L as a locally biholomorphic mapping. 

Proof. By First Dogginal Lemma, the singular locus of the analytic continuation 
of the inverse mapping on bB n+1 is an integral manifold of the subdistribu- 
tion of the complex tangent hyperplanes on bB n+1 in its smooth part. Thus the 
mapping </> _1 cannot be branched on bB n+1 by a branching locus passing through 
the boundary bB n+1 . Otherwise, the intersection of the nontrivial branch of the 
mapping 4>~ l to the boundary bB n+1 would be a nontrivial complex submanifold 
on bB n+1 . Hence the singular locus of the analytic continuation of the mapping 
(f)^ 1 is well defined so that the inverse mapping <\>~ x is analytically continued on 
bB n+1 \L as a locally biholomorphic mapping. 

We take a chain-segment 7 : [0, 1] — > bB n+1 with 7 (1) = p G L such that a germ 
of the mapping at the point 7 (0) is analytically continued along all subpath 
7[0,t] with t < 1, but not the whole path 7[0, 1]. Note that the distribution of the 
complex tangent hyperplanes on bB n+1 is maximally nonintegrable. Thus, by First 
Dogginal Lemma, the singular locus L of the analytic continuation of the mapping 
cannot bound the open region of the analytic continuation of the mapping 
Then the mapping is analytically continued on the opposite side of the 
complex tangent hyperplane H p at the point p £ bB n+l . Thus there is a complex 
line 7r passing through the point p and an open neighborhood U of the point p such 
that 

7T n bB n+1 

is a chain on bB n+1 satisfying 

l n u n 7T n bB n+1 = { P } . 
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We claim that, if necessary, shrinking U, 

Lnun bB n+1 = { P } 

so that the singular locus L is a finite set on bB n+1 . By First Dogginal Lemma, 
there is a sequence pj € bB n+1 \L such that pj — > p and the sequence pj converges 
to the point p to a direction tangential to the complex tangent hypcrplane at the 
point peLc bB n+1 . Since bD is compact, there is a subsequence p mj and a point 
p' e bD such that 

Let <j>j be the germ of the mapping at the point p^. € bD such that 

Since 6D is spherical, there is an open neighborhood W of the point p 1 and a 
biholomorphic mapping ip on W such that 

^(Wn&D) C bB n+1 . 

Then the compositions ipj = (f)j o xp^ 1 satisfy 

tfii (ip (W) n bB n+1 ) (ZbB n+1 , 

if necessary, shrinking W so that, by abuse of notation, the mapping ipj is an 
automorphism of the unit ball B n+1 . 

Let nj be the complex line passing through the points p mj and p, and Sj be the 
analytic disk 

Sj =iT j r\B n+1 . 

Note that the area \ifij 1 (5j)\ of the analytic disk tpj 1 (Sj) is bounded from the 
below. Otherwise, p € bB n+1 \L. Further, the sequence ipj converges to the point p 
uniformly on every compact subset of B n+1 , if necessary, passing to a subsequence. 
Otherwise, the sequence ipj converges to an automorphism of the unit ball B n+1 
so that p e bB n+1 \L. Let Ej be the euclidean length between the two points p and 
p mj . Then, by Second Scaling Lemma, there is a sequence of local automorphisms 
a 3 e Aut Pm . (bB n+1 ) such that 

U a - — id nxrl7 p,j. — Sj, a a . — 0, r aj = 
and the composition 

Tj = cr • o tpj : a — > a 

uniformly converges to an automorphism of the unit ball B n+1 . Thus there is a 
positive real number S > such that the mapping Tj and its inverse r" 1 are 
analytically continued respectively on 

B(p'^.;5) and B (p mj ;6) 

where 
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Therefore the mapping (ft 1 at the point p ri 



= V 1 ° T j 



is analytically continued to the open neighborhood 

ctj (-B (p mj ;<5)) . 
By the canonical normalizing mapping /i Pm . , we obtain 



-l I z — £ j z 

UPm ° °J ° f^V '■ i * 2 



Hence the mapping (ft 1 at the point p nlj is analytically continued to the open 
neighborhood 

fi-^. o^(B(0;i)), 

if necessary, shrinking <5. Since is the euclidean length between the two points 
p and p )Tii , the mapping <ft~ l is analytically continued on an open region which 
touches to the point p to a converging direction to the sequence Pj by an edge 
shape tangential to the complex tangent hyperplane H p at the point p and a y|ic| 
curve shape normal to H p on bB n+1 . 

Therefore, the singular locus L of the analytic continuation of the mapping (ft^ 1 
is isolated to the direction of the complex tangent hyperplane at each point of L. 
Since the boundary bB n+1 is compact, the singular locus L is a finite subset of 
bB n+1 . This completes the proof. □ 

Lemma 27. Let D be a bounded domain in C" +1 with spherical real analytic 
boundary bD. Then every chain on bD is extended each direction infinitely in its 
euclidean length. 

Proof. Suppose that the assertion is not true. Then there would be a path 7 : 
[0, 1] — > bD such that the subpath 7[0,t] is a chain-segment for all r < 1 but the 
whole path 7[0, 1] is not a chain segment. 

Since bD is spherical, by definition, there exist a connected open neighborhood 
U of the point 7 (1) and a biholomorphic mapping eft on U such that <ft(UD bD) C 
bB n+1 . There is a unique closed circle x on bB n+1 such that \ is a chain on bB n+1 
and (ft o 7[0, r] c X f° r au T < 1( CI - ]Pa3fl ). 

Then the inverse image </> -1 (x PI </> ([/)) under the biholomorphic mapping (ft is 



a chain on 6£? n+1 (cf. |Pa3|) such that 

7 [0, 1] n £/ c 0- 1 (x n (l/)). 

This is a contradiction. This completes the proof. □ 



Theorem 28. Let D be a bounded domain in C™ +1 with spherical real analytic 
boundary bD. Suppose that there is a biholomorphic mapping (ft on a connected 
open neighborhood U of a point p S bD satisfying 

(ft(UnbD) C bB n+1 . 

Let E be the path space of bD pointed at the point p S bD mod homotopic relation 
so that E be a universal covering of bD with a natural CR structure and a natural 
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CR covering map ip : E — > bD. Then there is a unique CR equivalence ip : E — > 
bB n+1 \L commuting the diagram 

E 

<p 

ii> \ 

bD -t bB n+l \L 

where L C bB n+1 is the Doggaebi variety associated to the mapping <f>. 

Proof. We obtain the set bB n+1 \L when the mapping tp is analytically continued 
along chains on bD. Since the mapping tp : E — > bB n+1 is naturally induced by the 
analytic continuation of the mapping tf> on bD(ci. Theorem |l8| ), we obtain 

bB n+1 \L C (f (E) 

Let 7 : [0, 1] — * bD be a path such that 7 (0) = p. Then, for a sufficiently small 
£ > 0, there is an e open neighborhood V of the path 7[0, 1] such that the mapping 
tp is analytically continued on V as a local biho lomorphic mapping. Then we take 
a piecewise chain curve n : [0, 1] — > bD(ci. | Pa3 |) such that 

?7(0)=7(0), 77(1) = 7 (1) 

and 

ij[0, 1] c V. 

Further, we may take a continuous function T : [0, 1] x [0, 1] — ► V such that 

r(0, t) = 7 (t), r(l,r)=7?(r) for re [0,1] 

and r (•, t) : [0, 1] — * V is a chain-segment for all r € [0, 1]. Note that every chain- 
segment in this construction is finite in its euclidean length. By Lemma 27, the 
mapping <p is analytically continued along the whole path 7[0, 1]. 
Then the image of E under the mapping tp satisfies 

(f(E) C bB n+1 \L 

which yields 

ip(E) = bB n+1 \L. 

Since the mapping is analytically continued on bB n+l \L, the mapping tp : E — > 
bB n+1 is a CR equivalence. This completes the proof. □ 



Corollary 29. Let D be a bounded domain with spherical real analytic boundary 
bD. Then there is a natural embedding 

Aut [D) c Aut (B n+1 ) . 

Proof. Let E be the path space of bD pointed at the point p E bD mod homotopy 
so that E be a universal covering of bD with a natural CR structure and a natural 
CR covering map ip : E — > bD. Then we take a biholomorphic mapping tp on an 
open neighborhood U of a point p G bD such that 

(p{UC\bD) C bB n+1 . 

Let L be the Doggaebi variety associated to the mapping <p. Then, by Theorem 
the analytic continuation of the mapping <p yields a natural CR equivalence 

Aut (E) ~ Aut (bB n+1 \L) . 
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Note that 

Aut (D) = Aut{bD) c Aut (E) ~ Aut (bB n+1 \L) c Aut (bB n+1 ) = Aut (B n+1 ) . 
This completes the proof. □ 

Lemma 30. Let D, D' be bounded domains in C" +1 with spherical real analytic 
boundaries bD,bD' , and <f> : D — > D' be a proper holomorphic mapping. Suppose 
that there is an open neighborhood U of a point p £ bD such that the mapping <fi 
is analytically continued on U. Then the mapping <p is analytically continued along 
any path on bD as a locally biholomorphic mapping so that (f> : D — > D' is locally 
biholomorphic. 

Proof. We may obtain the result by the boundary regularity of Lemma [l6| and the 
transformation formula for a complex Monge- Ampere equation. Here we may give 
an independent proof. Note that 

<f> (U n bD) C bD' 

so that, by shrinking U, if necessary, the mapping (f> is biholomorphic on U. By 
shrinking U, if necessary, we take biholomorphic mappings (p, tp' respectively on 
U, (j) (U) such that 

tp (U n bD) C bB n+1 
if' {<j>{U)r\bD') c bB n+1 . 

Then there are Doggaebi varieties L, L' on bB n+1 such that the inverses v?" 1 , tp'" 1 
are analytically continued respectively on bB n+1 \L and bB n+1 \L' as a local bi- 
holomorphic mapping. Note that the composition tp = tp 1 o <fi o ip^ 1 satisfies the 
relation 

iP(p{U)nbB n+1 ) C bB n+1 . 

By abuse of notation, the mapping ip is an automorphism of bB n+1 which comments 
the following diagram: 

bB n+1 \L bB n+1 \L' 

I k Ik' 

bD bD' 

where k : bB n+1 \L — > bD is the analytic continuation of the mapping ip^ 1 and 
k' : bB n+1 \L' — > 6D' is the analytic continuation of the mapping y;' -1 on the 
boundary bB n+1 . 
We claim 

L' Cip (L) 

so that the mapping ^ is analytically continued along any path on bD as a locally 
biholomorphic mapping. Otherwise, there is a point q' € L' such that 

g' e £ V (L) 

From the proof of First Scaling Lemma, there is a sequence p'j G 6D' with p'j —^p'£ 
bD' and a sequence tp'j of the analytic continuation of the mapping tp' at the point 
p'j with q'j = (p'j {p'j) — > g' e £'\^ (£) such that there is an open neighborhood V of 
the point p' such that the mapping tp', is biholomorphic on VC\D' and the sequence 
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ip'j converges to the point r uniformly on every compact subset of V fl D'. Since ip 
is an automorphism of the unit ball B n+1 , wc obtain 

Xj = k o tp- 1 o p'j : V D D' -> £> 

and 

</>o Aj ; = id on y n D'. 

We set 

ft = ^ (p;.) G 6i>. 

Since &-D is compact, there is a subsequence p mj <G fe-D and a point p e 6£> such 
that 

Since <j> is a proper mapping, the mapping is a globally finite covering so that 
there is an open neighborhood W of the point p such that 

on0(VK)n£. 

Hence we obtain 

IP = ° ° K 

Since the mapping ip is an automorphism of the unit ball B n+1 , there is a se- 
quence € bB n+1 such that 

Hence we obtain 

K (QWj ) = Prrij • 

Note that there is a real number d > such that 

B (r; 2<5) n bB n+1 n ^ (£) = 0. 
Passing to a subsequence, if necessary, we may assume 

<Z™ 3 e<r 1 (B(r;<5))nWr +1 
so that there is a point q € bB n+1 \L satisfying 

Hence we set 

and 

« Xm 3 = id. 

Finally, we obtain 

<P' m:j =i>° Xm, ° A mj . 

Note that there is a real number S > that the mappings \ mj and the inverse 
mappings A" 1 are analytically continued respectively on 



B (p™, 5 <*) and B (p mj ; 5) , 



20 



YOUR COMMENT TO WONKPARK@HOTMAIL.COM 



and the mappings Xmj and the inverse mappings x m ' are analytically continued 
respectively on 

B (p mj ; <5) and B (q mj ; S) , 

and the mapping ip and the inverse mapping ?/> _1 are analytically continued respec- 
tively on 

B(q mj ;5) and BU^;^, 

Hence the mapping tp' m . and the inverse mappings (p!^r = k' are analytically con- 
tinued respectively on 

B(pf mt ;5) and B (q^s), 

as a locally biholomorphic mapping. Since q' m . — > q', the mapping «/ is analytically 
continued to the point q 1 as a locally biholomorphic mapping so that 

q' S bB n+1 \L'. 

This is a contradiction so that 

L' Cip (L) . 

This completes the proof. □ 



2. Bounded Domains with Spherical Boundaries 

2.1. Differentiable spherical boundary. Let D be a domain in C n+1 ,n > 1, 
with a differentiable boundary WD. The boundary bD shall be called spherical if, 
for each point p £ bD, there is a connected open neighborhood U of the point p 
and a biholomorphic mapping </> on U PI -D such that 

(13) J ff([/nL>)nc* 1 (t/n^) , cp (u n bD) c bB n+1 

and the induced mapping (f> : U <~) bD — > bB n+1 is CR diffeomorphic. 

Lemma 31. Let U be a connected open neighborhood of a point p € bB n+1 and <f> 
be a biholomorphic mapping on U D B n+1 such that 

4>eH(un B n+l ) c\C l (uc\ W+^j , 4> (u n 6B ,l+1 ) c bB n+1 

and the induced mapping <f> : U f] bB n+1 — > bB n+1 is CR diffeomorphic. Then the 
mapping <ft is analytically continued to an automorphism of the unit ball B n+1 . 

Proof. By Lemma |l3|, t he mapping <fi is biholomorphic on U, if necessary, shrinking 
U. Then, by Lemma]!?], we obtain the desired result. This completes the proof. □ 

The chain on bB n+1 is defined to be the intersection on bB n+1 by a complex 
line. The family of chains on bB n+1 leaves invariant under the action of biholomor- 
phic automorphisms of B n+1 . We define the chain on the spherical differentiable 
boundary bD of a domain D to be the inverse image of the chain on bB n+1 under 
the mapping [l3|. By Lemma |3l], the chain on the spherical differentiable bound- 
ary bD is well defined so that a chain of a spherical differentiable boundary is 
mapped to a chain of another spherical differentiable boundary under any induced 
CR diffeomorphism. 
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Lemma 32. Let D be a domain in C n+1 with spherical differentiate boundary bD. 
Suppose that there is a connected open neighborhood U of a point p S bD and a 
biholomorphic mapping <j) on U n D such that 

4> e h (u n d) n c 1 (u nX5) , <f>(Un bD) c bB n+1 . 

Then the mapping <fi is analytically continued along any path on bD as a local 
biholomorphic mapping. 

Proof. Suppose that the assertion is not true. Then there would be a path 7 : 
[0, 1] — * bD such that 7 (0) € U fl bD and the germ of a biholomorphic mapping cf> 
at the point 7 (0) is analytically continued along the subpath 7[0, r] with all t < 1 
as a local biholomorphic mapping, but not the whole path 7[0, 1]. 

Thus we reduce the proof to a local problem near the point 7 (1) £ bD. Then, 
by the definition, there is a connected open neighborhood V of the point 7 (1) and 
a biholomorphic mapping ip on V D D such that 

if e H (V n D) n C 1 (v n 25) , <p(vnbD)c bB n+1 

and the induced mapping ip : U fl — > bB n+1 is CR diffeomorphic. 
Then we consider the mapping 



o ^ G i? (v n £>)) n c 1 (ip (v n 25)) , <j> o ^j- 1 (v n &£>)) c 6B n+1 

and the curve 

tpo-f[o,i]n<p{vnbD) c 

By Lemma |l3|, the remaining part of the proof repeats the proof of Lemma [l8| 
This completes the proof. □ 

Lemma 33 (First Dogginal Lemma). Let D be a bounded domain in C n+1 with 
spherical differentiate boundary bD and <fi be a biholomorphic mapping on U D D 
for a connected open neighborhood U of a point p € bB n+1 satisfying 



€ H(UC\B n+1 ) nc 1 (ur\B n + l \ , 6(UnbB n+1 ) C bD 



Suppose that there is an injective path 7 : [0, 1] — ► bB n+1 such that 7[0, 1] C bB n+1 
is a chain-segment satisfying 

7 (0) e U n bB n+1 

and the mapping ef> is analytically continued along the subpath 7[0,r] for all t < 1, 
but not the whole path 7[0, 1] as a local biholomorphic mapping. Let tt be the complex 
line containing the chain-segment j[0, 1]. Then there is an open neighborhood V 
along the path 7[0, 1] such that 

1. 7[0, r] C V for all t < 1, 

2. bV fl 7T fl S (7 (1) ; 5) is an angle for a sufficient small 8 > 0, which contains 
the chain-segment j[0, 1], 

3. bV H bB n+1 n -B (7 (1) ; (5) is paraboloid for a sufficiently small 8 > 0, which 
smoothly touches the complex tangent hyperplane at the point 7 (1) , 

4. t/ie mapping <j> is analytically continued on V D B n+1 as a local biholomorphic 
mapping 



■e h (v n B n+1 ) n c* 1 (V n s^ 1 



2,x 
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Proof. By the analytic continuation of the mapping <f> along the subpath 7[0,r] 
for all t < 1, there is a path 4> o 7 : [0, 1) — ► bD. Then we consider the following 
sequences 

Pj = ^( 1_ t)> for ^ N+ - 

p'j = (f) 7 f 1 - j J j I0r J G N + . 
Since 6D is compact, there is a subsequence p' m . and a point p' G bD such that 

Thus we reduce the proof to a local problem near the point p' G bD. Then, by 
the definition, there is a connected open neighborhood W of the point p' and a 
biholomorphic mapping tp on FT n D such that 

y> e H{wc\D) nc 1 (WnS) , <p (w n bD) c bB n+1 

and the induced mapping ip : U n &-D — > bB n+1 is CR diffeomorphic. 
Then we consider the mapping 

_1 oip- 1 eH (<p (w n £>)) n c 1 (w nD)) , <p~ l o <p~ l (<p (w n bD)) c bB n+1 . 

By Lemma |l3|, the remaining part of the proof repeats the proof of Lemma 
This completes the proof. □ 

By Lemma and Lemma |33L we obtain the following result by the same argu- 
ment of the proof of Theorem P8|. 

Theorem 34. Let D be a bounded domain in C" +1 with spherical differentiable 
boundary bD. Suppose that there is a biholomorphic mapping (f> on U H D for a 
connected open neighborhood U of a point p G bD satisfying 

<p{UDbD) c bB n+1 . 

Let E be the path space of bD pointed at the point p £ bD mod homotopy so that E be 
a universal covering of bD with a natural CR structure and a natural CR covering 
map ip : E — > bD. Then there is a unique CR equivalence tp : E — > bB n+1 \L 
commuting the diagram 

E 

•p 

14> \ 

bD bB n+1 \L 

where L C bB n+1 is the Doggaebi variety associated to the mapping 4>. 

2.2. Second Dogginal Lemma. We have examined the analytic continuation of 
a biholomorphic mapping <fr from the spherical differentiable boundary bD of a 
bounded domain D into the boundary bB n+1 of the unit ball B n+1 . From now on, 
we shall examine the analytic continuation of the mapping <fi into the domain D. 

Lemma 35. Let D be a bounded domain in C™ +1 with spherical differentiable 
boundary bD. Suppose that there is a biholomorphic mapping <j) on a connected 
open neighborhood U of a point p G bD satisfying 

(b(UnbD) C bB n+1 . 
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Then the inverse mapping 4> 1 is analytically continued to a locally biholomorphic 
mapping from B n+1 into D. 

Proof. By Theorem [}4[ there is a Doggaebi variety L on bB n+1 such that the 
mapping <\>~ x is uniquely analytically continued on the set bB n+1 \L. Then the 
mapping <fi~ 1 is analytically continued to a holomorphic mapping on the unit ball 
B n+1 . Hence we have a holomorphic mapping cp : B n+1 — > D which extends to 
the mapping (fr 1 : hB n+1 \L — > bD. Note that the zero set of the determinant of 
the Jacobian matrix p' of the mapping (p cannot be located on the set L on the 
boundary bB n+1 . Thus the mapping ip : B n+1 — > D is locally biholomorphic. This 
completes the proof. □ 



Lemma 36. Let D be a bounded domain in C" +1 with spherical differ entiable 
boundary bD and <f> be a biholomorphic mapping on an open neighborhood U of 
a point r € bD satisfying 

<j} e H (U n D) n C 1 (U n D) and 4>(UnbD) C bB n+1 . 

Let L be the Doggaebi variety associated to the mapping <f> and ip : B n+1 — > D be a 
locally biholomorphic mapping to be an analytic continuation of the mapping <j)~ l . 
Suppose that there is a line segment 7 : [0, 1] — ► D with 

p = 7 (1) and pj = 7 ^1 r J 

and the germ of a locally biholomorphic mapping <j) — f a t the point pi = 7 (0) 
is analytically continued along the subpath 7[0,t] with all r < 1 as a locally biholo- 
morphic mapping. Let p'^ = <fi(pj) G B n+1 be the sequence obtained by the analytic 
continuation of the mapping tfi — ip^ 1 along the path j[0, 1). Then there is a subse- 
quence p' m . and a point p'eLc bB n+1 such that the subsequence p' m . converges 
to the point p' to a direction transversal to the complex tangent hyperplane at the 
point p' e bB n+1 . 

Proof. Since the closed ball B n+1 is compact, there is a subsequence p' m . which 

converges to a point p' € B n+1 . Since the mapping tp is locally biholomorphic on 
B n+1 , the point p' should be on the boundary bB n+1 . Further, since (p = (fr 1 : 
bB n+1 \L — > bD is locally biholomorphic, we obtain 

p' m . ->ft EL. 

Let tt p be the complex line containing the line segment 7[0, 1]. Since p' m . = <f> [Pmj) , 
the analytic continuation of the mapping (f> — ip^ 1 on the complex line ir p yields 
a complex curve tp^ 1 (ir p n D) which touches the point p 1 E L C bB n+1 . Since 
the mapping ip : B n+1 — > D is locally biholomorphic up to the boundary subset 
bB n+1 \L and the boundary bB n+1 is strongly pseudoconvex, the extension 

ip" 1 (n p n D) 

of the complex curve ip^ 1 (tt p n D) is transversal to the boundary bB n+1 near the 
point p' e L C bB n+1 . 

We claim that the extension (p^ 1 [t: p n D) is transversal to the complex tangent 
hyperplane at the point p' S L. We take a path A : [0, 1] — > bB n+1 such that 
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p' = A(l) and 

A[0, 1] c if- 1 {ir p n bD) n bB n+1 . 
Note that there are finitely many closed paths jj on bD such that 

n p nbD = |j7i- 

3 

Since bD is strongly pseudoconvex, each path jj is transversal to the complex 
tangent hyperplane on bD at each point. 
We consider the following sequence 

qj = <p o A ^1 - M e 7T P n 6L>, q£ = A (l - ~\ for j G N+ 



such that 



q'j —>■ p' as j — > oo. 



Since the set n p r\bD is compact, there is a subsequence q rnj and a point q £ ir p nbD 
such that 

<?m 3 -» 9 as j -> oo. 

Let m . be the germ of the analytic continuation of the mapping <f> — tp" 1 at 
the point q mj . By Theorem ^| and Lemma we may assume that there is an 
open neighborhood W of the point q such that the mapping <p m . is holomorphic on 
W D. 

Since bD is spherical, there is a biholomorphic mapping ip on W, if necessary, 
shrinking W, such that 

'tjj e H (w n D) nc 1 (w n TP) and v(^n6L>) C bB n+1 . 

We may assume that 

l" = 4> (<?) ¥= p' and q" n] ee V (q mj ) ■ 
Then, by Lemma |l^, the composition 

77, ee <p mj o t/-" 1 e Ant (B n+1 ) 
are automorphisms of the unit ball B n+1 . Note that we have the condition 

and the sequence r\j converges to the point p' uniformly on every compact subset 
of B n+1 , if necessary, passing to a subsequence. Otherwise, p' £ L. 

Let Tr'j be the complex line passing through the two points p' and q' m . , and 5j be 
the analytic disk 

5'j =Tr' j nB n+1 . 

The area \rjj l (S'^ | of the analytic disk rjj 1 (<^) is bounded from the below. Oth- 
erwise, we would have p' (fc L. Then we decompose the mapping rjj as follows 

Vj = Mj ° 

where 

fij e Aut q , m (bB n+1 ) , Vj e Aut p , (bB n+1 ) . 
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Then, by First and Second Scaling Lemmas, we take a sequence of local automor- 
phisms <7j £ Aut q ' m (bB n+1 ) defined by the normalizing parameters 

U aj = irfnxnj Poj = Puji a crj — 0, r aj = 0. 
Then the following sequence 

(3j = aj 1 o Vj 

converges to an automorphism of the unit ball B n+1 , if necessary, passing to a 
subsequence. 

Let 7Tj be the complex line containing the tangent vector of the path 
V> (<p o A[0, 1] n W) C bB n+1 
at the point q!^. , and Sj be the analytic disk 

Sj =w j r\B n+1 . 

Clearly, the area \5j\ of the analytic disk Sj is bounded from the below. Note that, 
by the mapping Oj £ Aut q ' m (bB n+1 ) , the area [crj 1 (5")\ of the analytic disk 

<7j (S'J) is bounded from the below whenever the area \S"\ of the analytic disk S'J 
is bounded from the below. Thus the area \t]j (Sj)\ of the analytic disk 

Vj (Sj) = <7j o j3j (Sj) 

is bounded from the below. Since the analytic disk rjj (Sj) is the intersection of 
B n+1 and the complex line containing the tangent vector of the path A[0, 1] at the 
point 

1 



q' mj = A ^1 

Thus the path A[0, 1] is transversal to the complex tangent hypcrplane at the point 
p' = A(l). Therefore, the point p'^ approaches to the point p' G L to a direc- 
tion transversal to the complex tangent hyperplane at the point p' £ bB n+1 . This 
completes the proof. □ 

Lemma 37 (Second Dogginal Lemma). Let D be a bounded domain in C" +1 with 
spherical differentiable boundary bD and <f> be a biholomorphic mapping on an open 
neighborhood U of a point r £ bD satisfying 

<j> £ H (U n D) n C 1 (U n D) and 4>(UDbD) C bB n+1 . 

Let L be the Doggaebi variety associated to the mapping <j> and ip : B n+l — > D be a 
locally biholomorphic mapping to be an analytic continuation of the mapping 4>~ l ■ 
Suppose that there is a line segment 7 : [0, 1] — ► D with 

p = 7 (1) and p } ; = 7 ^1 r 

and the germ of a locally biholomorphic mapping <fi = tp^ 1 at the point p\ = 7(0) 
is analytically continued along the subpath 7[0,t] with all t < 1 as a locally biholo- 
morphic mapping. Let p'- = (j)(pj) £ B n+1 be the sequence obtained by the analytic 
continuation of the mapping <f> = ip^ 1 along the path 7[0, 1). Suppose that there is 
a point p' £ L C bB n+1 such that the sequence p'j converges to the point p' to a 
direction transversal to the complex tangent hyperplane at the point p' £ bB n+1 . 
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Let TT P be the complex line containing the line segment 7(0, 1]. Then there is a 
distinguished complex hyperplane H p C T p <C n+1 at the point p G D satisfying 

7pC — Hp £B TTp 

and an open neighborhood V of the line segment j[0, 1) such that 

1. bV H 7T p H B (p; 5) is an angle for a sufficient small S > 0, which contains the 
path 7[0, 1], 

2. bV R R p D B (p; 5) is a slanted paraboloid for a sufficiently small 5 > 0, which 
smoothly touches the complex hyperplane H p at the point p, 

3. the germ of a locally biholomorphic mapping (ft — tp^ 1 at the point p\ = 7 (0) 
is analytically continued on V as a locally biholomorphic mapping, 

where R p is a real hyperplane containing the line segment j[0, 1] and 

Hp c R p . 

Proof. We take a sequence of automorphisms cftj G Aut (£?" +1 ) such that 

4>j (p[)=pj^p' e L. 

Then the composition Tj = tp o <ftj : B n+l — * Z) forms a normal family so that 
there is a subsequence r mj = <p o <p m . which converges to a holomorphic mapping 
t : Z?" +1 — * D uniformly on every compact subset of B n+1 . 

We claim that r is a locally biholomorphic mapping. We take a point q G 
bB n+1 \L and q' m . = r m] (q) G bD such that 

<?™ 3 = S (g) —*<?'€ 6-D, 

if necessary, passing to a subsequence. Since 61? is spherical, there is an open 
neighborhood W of the point q' and a biholomorphic mapping ip on W^nZ? satisfying 

V> G H (w n D) n c* 1 (w n S) and ^{WObD) C 6B" +1 . 

Then we consider the composition x mj . = ift o ipo <ft m . so that, by Lemma [l^ and by 
abuse of notation, 

Xmj e Aut (B n+1 ) . 

Suppose that the assertion is not true. Then the sequence X mj converges to a 
boundary point ip (q 1 ) G bB n+1 uniformly on every compact subset of B n+1 , if 
necessary, passing to a subsequence. Hence the sequence r mj = tp o <p m . would 
converge to a boundary point q' G bD uniformly on every compact subset of B n+1 . 
By the way, note that 

S (p'i) =p mj -^pe D. 

This is a contradiction. Hence the holomorphic mapping r is locally biholomorphic. 
Thus there is a real number S > such that the mapping T mj and the inverse 
are analytically continued to a biholomorphic mapping respectively on 

B{p mi \8), B(p[;S). 

Let Ej be the euclidean length between the two points p' and p'^ . By First Scaling 
Lemma, there is a sequence of automorphisms 

a j G Autp, (bB n+1 ) 
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such that, for a subsequence 4> mj , 
and the composition 

Vj = <J J 1 ° 'Pmj 

uniformly converges to an automorphism of the unit ball B n+ . Then there is a 
real number S > such that the mapping rjj and the inverse r\~ x are analytically 
continued respectively on 



where 



B(p[;6), Blp'^S 



Then we obtain 



°'L = Vj [Pr, 



V = r m , o r\ 1 o a , 1 



Thus the mapping <f> — is analytically continued onto the open set 



which is centered at the point p mj . For a canonical normalizing mapping fi p i , we 
obtain 



a'j = (i p , o a 3 o ^y 1 



w* = s mi w 



We set 

so that, shrinking 5 > 0, if necessary, the mapping = ip^ 1 is analytically continued 
onto the open set 

T mj o j?^ 1 o (crj (B (p"']5))) 

which is centered at the point p mj . 

Since s m . is the euclidean distance between the two points p and p mj , the analyt- 
ically continued region of the mapping <f> = </? _1 along the line segment 7[0, 1] C D 
contains an open set along the line segment 7[0, 1] which touches to the point 
p = 7(1) by an edge shape on the complex line ir p and by a slanted paraboloid 
shape on the real hyperplane R p . This completes the proof. □ 

Lemma 38. Let D be a bounded domain in C" +1 with spherical differentiable 
boundary bD and <j) be a biholomorphic mapping on an open neighborhood U of 
a point r € bD satisfying 

<j) e H (U n D) n C 1 (U n D) and <f> (U n bD) C bB n+1 . 

Let L be the Doggaebi variety associated to the mapping (f> and f : B n+1 — > D be a 
locally biholomorphic mapping to be an analytic continuation of the mapping <j> . 
Let Hp be the complex hyperplane at the point p £ D in Lemma and ir p be a 
complex line satisfying 

Tp^C- = Bp (J) 7Tp. 
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Suppose that, along a line segment 7 : [0, 1] — > 7r p n D with p = 7 (1) , the germ of a 
locally biholomorphic mapping <f> = ip^ 1 at the point 7(0) is analytically continued 
along the subpath 7[0, r] with all r < 1 as a locally biholomorphic mapping such 
that the limit point 

lim <p 7 (t) 

T— Vl 

is £/ie point p' E L C bB n+1 in Lemma |#^. TTien t/iere is an open neighborhood V 
of the line segment 7(0, 1) suc/i i/iai 

1. n 7T p n i? (p; <5) is an angle for a sufficient small 8 > 0, which contains the 
path 7[0, 1], 

2. &y H i? p H B (p; 6) is a slanted paraboloid for a sufficiently small 5 > 0, which 
smoothly touches the complex hyperplane H p at the point p, 

3. the germ of a locally biholomorphic mapping <f = ip" 1 at the point 7(0) is 
analytically continued on V as a locally biholomorphic mapping, 

where R p is a real hyperplane containing the line segment j[0, 1] and 

H p c Rp. 

Proof. By Lemma |3^, f> o 7 (r) approaches to the point p' G L to a direction 
transversal to the complex tangent hyperplane at the point p' as r — > 1. Then there 
is a complex hyperplane satisfying the conditions in Lemma 

Note that the complex hyperplane H p is determined by the mapping ip : B n+1 — > 
D and the complex tangent hyperplane H p i at the point p'eLc bB n+1 , but 
does not depend on the approaching direction of <f> o 7 (r) — ► p' as t -» 1. Thus 
H' = Hp. This completes the proof. □ 

2.3. Biholomorphic equivalence. 

Lemma 39. Let D be a bounded domain in C" +1 with spherical differentiate 
boundary bD and G be the path space of D mod homotopic relation so that G is a 
universal covering Riemann domain with a natural complex structure and a natu- 
ral holomorphic covering map k : G — > D. Suppose that there is a biholomorphic 
mapping 

<t> e H(unD) nc 1 (unD) 

for a connected open neighborhood U of a point p £ bD satisfying 

<f>(UnbD) C bB n+1 . 

Then the analytic continuation of the inverse mapping </> _1 is lifted to a holomor- 
phic mapping ip from B n+1 onto G such that if : B n+1 — > G is a proper locally 
biholomorphic mapping, i.e., a finite covering of G, satisfying the following rela- 
tion: 

G 

V 

/ 1« • 
B n+1 D 

Proof. By Theorem [35[ there is a locally biholomorphic mapping 

tp : B n+1 D 
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such that <p is the analytic continuation of the mapping <j> 1 and 

ip = (j)- 1 on bB n+1 \L 

where L is the Doggaebi variety associated to the mapping (f>. 

A piecewise line segment curve is a path 7 : [0, 1] — > D consisting of finitely 
many line segments. Fix a point b G U O D. We shall show that the mapping 
(f> is analytically continued along any piecewise line segment curve. Suppose that 
7 : [0, f ] — > D be a piecewise line segment curve with 7 (0) = b such that the germ of 
the mapping (f> at the point 7 (0) is analytically continued along all subpath 7[0, r] 
with r < 1, but not the whole path 7[0, 1]. Let tt p be a complex line satisfying, for 
sufficiently small e > 0, 

7[1 -e, 1] C 7T p . 

Then, by Second Dogginal Lemma, there is a distinguished complex hyperplane H p 
at the point p = 7 (1) satisfying 

and an open neighborhood V containing the line segment 7[0, r] with all r < 1 such 
that 

1. bV n tt p n B (p; e) is an angle for a sufficient small e > 0, which contains the 
path 7 [0,l], 

2. bV R P D B (p; e) is a slanted paraboloid for a sufficiently small e > 0, which 
smoothly touches the complex hyperplane H p at the point p, 

3. the germ of a locally biholomorphic mapping </> = ip^ 1 at the point 7 (0) is 
analytically continued on V as a locally biholomorphic mapping, 

where R p is a real hyperplane satisfying, for sufficiently small e > 0, 

7[1 — e, 1] C i? p and i/ p C i? p . 

Thus we can find a sequence of points pj € V C\B (p; e) and a sequence of germs 
of the analytic continuation of the mapping <f) at the point pj such that the sequence 
Pj converges to the point p to a direction tangential to the complex hyperplane H p 
at the point p. We set 

p'j = & ( Pj ) e 

Then there is a point p'eLc bB n+1 such that p^- — > p' to a direction tangential 
to the complex tangent hyperplane at the point p' e bB n+1 . We take a sequence of 
automorphisms ipj £ Aut such that 

fj (Pi) = Pj —* p' € L. 

Then the composition Tj = <p o tpj : B n+1 — > D forms a normal family so that 
there is a subsequence r m;j = ip o ip m which converges to a holomorphic mapping 
t : B n+1 — > Z) uniformly on every compact subset of B n+1 . 

We claim that r is a locally biholomorphic mapping. We take a point q e 
bB n+1 \L and g/, = r TOj (g) G 6D such that 

9m 3 = T mj (?) q ebD, 

if necessary, passing to a subsequence. Since bD is spherical, there is an open 
neighborhood W of the point q' and a biholomorphic mapping ^ on WC\D satisfying 

ip e H (W n D) n C 1 (W n U) and V(VKn6L») C 
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Then we consider the composition y mj . = ip o tp o ip m . so that, by Lemma [l7] and 
by abuse of notation, 

Xm] G Aut (B n+1 ) . 

Suppose that the assertion is not true. Then the sequence Xmi converges to a 
boundary point ip (q') € bB n+1 uniformly on every compact subset of B n+1 , if 
necessary, passing to a subsequence. Hence the sequence r mj = ip o Lp mj would 
converge to a boundary point q' £ bD uniformly on every compact subset of B n+1 . 
By the way, note that 

Tmj (p'i) =Pm j -^pe D. 

This is a contradiction. Hence the holomorphic mapping r is locally biholomorphic. 
Thus there is a real number 5 > such that the mapping T mj and the inverse 
are analytically continued to a biholomorphic mapping respectively on 

B(p mj ;5), B(p[;5). 

Let Ej be the euclidean length between the two points p' and p'y By Second 
Scaling Lemma, there is a sequence of automorphisms 

(j j e Aut p , (bB n+1 ) 

such that, for a subsequence if mj , 

Uaj = idnxn, P<jj = £ mjI a Oj = 0, Taj = 

and the composition 

uniformly converges to an automorphism of the unit ball B n+1 . Then there is a 
real number S > such that the mapping rjj and the inverse r\~ 1 are analytically 
continued respectively on 

B(p[;6), B(p^.-S) 

where 

Pmj = Vj (Pmj) ■ 

Then we obtain 

V = S o rij 1 o aj 1 . 

Thus the mapping <f) = V 1 is analytically continued onto the open set 

r^orjj 1 (a 3 {B(p'; n -5))) 

which is centered at the point p mj . For a canonical normalizing mapping p p i , we 
obtain 

/ —x\Z— € m - Z 

We set 
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so that, shrinking 5 > 0, if necessary, the mapping (f> — f 1 is analytically continued 
onto the open set 

t^otj^o^ (<y' 3 {B(p"'-5))) 

which is centered at the point p mj . 

Since the sequence p m . converges to p to a direction tangential to the complex 
hyperplane H p at the point p, and e mj is the euclidean distance between the two 
points p and p mj , the analytically continued region of the mapping <ft — <P along 
the sequence p mj € V fl D contains an open set along the converging direction of 
the sequence p mj by an edge shape tangential to the complex hyperplane H p at the 
point p and a \/\x\ curve shape normal to H p . 

Thus there is a complex line ir' p satisfying 

7Tp C H p and p <G ir' p , 

and an open neighborhood W of the point p such that the mapping <j> is analytically 
continued on 

wnn' p . 

Then we take a line segment 7 : [0, 1] — > n p C H p such that 

7 : [0, 1) C W n (tt' p \p) and 7 (1) = p. 

Note that 

lim (f) o -f (t) = p' E L C bB n+1 . 

T— >1 

By Second Dogginal Lemma, the distinguished complex tangent hyperplane H p 
satisfies 

T p C n+1 = H p ®tt' p 

so that 

ir' p n flp = M . 

This is a contradiction so that the germ of the mapping <fi at the point b <G U n D 
is analytically continued along the whole path 7 [0,1]. Hence the mapping <j> is 
analytically continued along any piecewise line segment curve on D as a locally 
biholomorphic mapping. 

We claim that the mapping <j> : U n D — > £?™ +1 is analytically continued along 
any path on D as a locally biholomorphic mapping. Let 7 : [0, 1] — > I? be a path on 
D. Then we take a piecewise line segment curve A : [0, 1] and a continuous function 
r : [0, 1] x [0, 1] -> D such that 

7(0) - A(0), 7 (1) = A(1) 
r(0,r) = 7 (t), r(l,r) = A(r) for all r G [0, 1] 

and the path T (•, r) : [0, 1] — > D for each r € [0, 1] is a piecewise line segment curve 
on D. Clearly, the mapping <f) is analytically continued along the whole path 7[0, 1] 
so that the mapping <j> is analytically continued along any path on D as a locally 
biholomorphic mapping. 

Let G be the path space of D pointed by a point of U n D mod homotopic 
relation so that G is a universal covering of D with a natural complex structure 
and a natural holomorphic covering map k : G — > D. By the analytic continuation 
of the mapping : UflD — > _B n+1 on £>, the mapping 99 : _B™ +1 — > D has its natural 
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proper locally biholomorphic lift ip : B n+1 — > G. Since the mapping tp : B n+1 — > G 
is proper and locally biholomorphic, the mapping tp is a finite covering of G. This 
completes the proof. □ 



Theorem 40. Let D be a bounded domain in C n+1 with spherical differentiate 
boundary bD such that the fundamental group ttx(D) is finite. Suppose that there 
is a biholomorphic mapping 

(j) e h (u n D) n c 1 (u n d) 

for a connected open neighborhood U of a point p £ bD satisfying 

(p{UC\bD) C bB n+1 . 

Then D is necessarily simply connected and the mapping <p is analytically continued 
to a biholomorphic mapping from D onto B n+1 . 

Proof. Let G be the path space of D pointed by a point of U PI D mod homotopic 
relation with a natural complex structure and a natural locally biholomorphic cov- 
ering map k : G — > D. Then, by Lemma [39], there is a locally biholomorphic finite 
covering lift tp : B n+1 — > G satisfying 

If = KO if} 

where <p : B n+1 — > D is an analytic continuation of the inverse mapping (p^ 1 . 

Since the fundamental group ~K\ (D) is finite, the mapping k : G — > D is a finite 
covering. Thus the mapping 

ip = k o i\> : B n+1 -> D 

is a locally biholomorphic finite covering. Therefore, the analytic continuation of 
the inverse mapping (p^ 1 on the boundary bB n+1 yields finitely many germs at each 
point of bB n+1 . By Lemma ^0|, the Doggaebi variety L associated to the mapping 
<p is empty so that the mapping 

(p = cp- 1 : bB n+1 -► bD 

is also a locally biholomorphic finite covering. Thus the mapping 

ip : B n+1 -> D 



is a finite covering mapping. Then the fixed point property of the close ball B n+1 
implies that the mapping tp : B n+1 — > D is a simple cover. Otherwise, a nontrivial 
deck transformation of the closed ball B n+1 yields a continuous function on B n+1 
with no fixed point. Therefore, the analytic continuation of the mapping <p : U n 
D — > B n+1 is analytically continued to a biholomorphic mapping 

ip" 1 : D -> B n+1 . 



This completes the proof. 



□ 
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3. Locally Biholomorphic Mappings 
3.1. Estimates of normalizing parameters. 

Lemma 41. Let M be a nonspherical analytic real hypersurface in C n+1 and Aut p (M) 
be the isotropy subgroup at a point p £ M. Suppose that there is a real number c > 1 
satisfying 

sup \U V \ <c < oo. 

ipeAut p (M) 

Then there is a real number e > 1 satisfying 

\a<t>\ < e, e -1 < \p (f> \ < e, \r$\ < e 
for every local automorphism <fi £ Aut p (M ). 

Proof. The real hypersurface p, p (M) in normal form is expanded as follows: 

oo 

v = (z, z) + F k (z,z, u) 

k=4 

where 

Fk {yz, vz, u 2 u) = v k Fk (z, z, u) . 

Since M is nonspherical, not all Fk (z,~z,u) are zero. Then we make an estimate of 
the normalizing parameters a$,p$,r$ for <fi S Aut p (M)(ci.\P&3\). This completes 
the proof. □ 

Theorem 42. Let M be a nonspherical strongly pseudoconvex analytic real hy- 
persurface in a complex manifold. Then the local isotropy subgroup Aut p (M) is 
compact for every point p G M. 

Proof. Because the situation is local, we may assume by taking a coordinate chart, 
if necessary, that the complex manifold is C n+1 . Then the pseudoconvexity of M 
leads to 

|^| = 1 for (p € Autp (M) . 
By Lemma [ll], we obtain the desired result. This completes the proof. □ 

Lemma 43. Let M, M' be nonspherical analytic real hypersurfaces in C™ +1 and 
p, p' be points respectively of M, M' such that the two germs M at p and M' at p' 
are biholomorphically equivalent. Suppose that the isotropy subgroup Aut p (M) is 
compact. Then there is a real number S p > such that each germ of a biholomorphic 
mapping (j) sending the germ M at p to the germ M' at p' is analytically continued 
to the open ball B(p;S p ). 

Proof. We take a biholomorphic mapping on a connected open neighborhood U 
of the point p € M such that 

<t>(UnM) C W. 

Then every germ of a biholomorphic mapping sending the germ M at p to the germ 
M' at p' is one of the following 

4> o ip for ip G Aut p (M) . 

Then the compactness of the group Aut p (M) leads to the desired result. This 
completes the proof. □ 
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Lemma 44. Let M be a nonspherical analytic real hypersurface in C n+1 such that 
the isotropy subgroup Aut p (M) is compact at every point p € M. Then, for each 
compact subset K CC M, there is a real number e > 1 satisfying 

e _1 < \Uj,\ < e, |tty| < e, e _1 < \p$\ < e, |r^| < e 
/or every point p € K and every local automorphism cf> € Aiti p (M). 
Proof. The real hypersurface p p (M) in normal form is expanded as follows: 
v = (z,z)+ X Uk (p) z T z J u k . 

J|,|J|>2,fc>l 

Suppose that the normalization N e , e = (U, a, p, r) € H, transforms the real hyper- 
surface /i p (M) to a real hypersurfaces expanded as follows: 

v=(z,z)+ Y r)Uk(p;U,a,p,r)z I z J u k . 

|J|,|J|>2,fc>l 

Note that the element (t/^, a^, p^, r^) for <f) G Aut p (M) is characterized by the 
following equalities: 

hjk(p) =vuk(p;U,a,p,r) , \I\,\J\ >2,k>l. 

Then, since the algebraic subset of (U, a, p, r) is characterized by finitely many 
equalities, there is an integer K such that the following equalities 

(14) Xuk (p) = ViJk (p; U, a, p, r) , \I\,\J\,k<K 

characterize the element (U$, a^, p^, r^) for <j> £ Aut p (M) . 

Since the isotropy subgroup Aut p (M) is compact, there is a real number e p > 1 
such that 

e~ 1 < |£/^| < e p , |a | < e p , e~ 1 < \p$\ < e p , |r>| < e p 

for every element G Aut p (M) . Thus the algebraic set defined by the equalities 
in |l4| is bounded. Note that the boundedness of the algebraic set is preserved on 
an open neighborhood of the point p so that there are a real number S p > and a 
real number c p > 1 satisfying 

c p 1 < |Efy| < c p , |<ty| < Cp, Cp 1 < < Cp, \r<f>\ < c p 

for every point p *E B (p; 6 P ) D M and every local automorphism G Aut p (iVf). 

Since the subset K is compact, there are finitely many points p\, ■ ■ ■ ,pi such 
that 

i 

Kc \J B(p k ;S Pk )DM. 
fc=i 

Then we take 

e = max{e Pfc : 1 < k < 1} . 
This completes the proof. □ 

Lemma 45. Let M be nonspherical analytic real hypersurfaces in C' i+1 such that 
the isotropy subgroup Aut p (M) is compact at every point p € M. Then, for each 
compact subset K CC M, there is a real number S > such that each germ of a 
local automorphism <f> £ Aut p (M) , p £ if, is analytically continued to the open ball 
B(p;6). 
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Proof. By the construction of the normalizing map fj, p , the real number S p depend 
only on the point p £ M. Hence there is a real number S p > for each p S M such 
that, for every q G B (p; S p ) fl M, the mapping fi q is biholomorphic on B (q; 8 P ) and 
the inverse /i" 1 is biholomorphic on B (0; S p ) . Since if is a compact subset, there 
are finitely many points p\ , • • • , pi such that 

Kc \jB(p k ;S Pk )nM. 
k=i 

Then we take 

5i = max{<5 P( , : 1 < k < 1} 

so that /i p is biholomorphic on B (p; Si) and ^ 1 is biholomorphic on B (0; <5i) for 
every p £ K. 

By Lemma E2|, there is a real number <?2 such that every local automorphism tp € 
Awio (m p (-^)) for every p £ K is biholomorphically continued to the neighborhood 
B (0;<5 2 ). Then we take 

5 = min{<5i, <5 2 } . 

This completes the proof. □ 



Lemma 46. Let M be a nonspherical analytic real hypersurface and 7 : [0, 1] — > 
M be a chain- segment. Let M' be a nonspherical analytic real hypersurface in 
Moser-Vitushkin normal form(cf. \ Pal\ ). Suppose that there is a connected open 



neighborhood U of the point 7 (0) and a biholomorphic mapping <fi on U such that 

4>{un M) c M' 

and the image <j) (U PI 7[0, 1]) is on the straightened chain of M' . Then the map- 
ping <p is analytically continued along the whole chain-segment j[0, 1] as a local 
biholomorphic mapping. 

Proof. Suppose that the assertion is not true. Then there is a real number A, 
< A < 1, such that the mapping <p is analytically continued along all the subpath 
7[0, t], t < A, but not the whole path 7[0, A], as a local biholomorphic mapping. 

Since 7[0, 1] is a chain-segment, there is a biholomorphic mapping (p on an open 
neighborhood V of the point 7(A) such that the image ^(Ffl7[0,l]) is on the 
straightened chain of M' . Then we take a point p £ ip (V n 7[0, A)) and an open 
neighborhood W of the point p such that the mapping </> is analytically continued 
on W along the chain-segment 7[0, 1] and W C V so that 

(pop- 1 (Lp(W)OM') C M' 

and the mapping 4> o ip -1 maps the straightened chain ip (W (~1 7[0, 1]) of M' onto 
the straightened chain of M'. 

Note that the composition ip = <f> o ip^ 1 is necessarily analytically continued 



along the whole straightened chain of M'(cf. |Pa3|). Then, by abuse of notation, 
the composition tp o ip is the analytic continuation of the mapping <p on the point 
7(A) along the chain-segment 7[0, 1]. This is a contradiction. This completes the 
proof. □ 
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3.2. Analytic continuation on a real hypersurface. We defined a canonical 
normalization v p of a nondegenerate analytic real hypersurface M at a point p S 
M to Moser-Vitushkin normal form(cf. ]Pal ) by the same way of the canonical 
normalization \x p to Moser normal form. 

Lemma 47. Let M, M' be nonspherical analytic real hypersurfaces in complex 
manifolds such that M' is compact and the isotropy subgroup Aut p (M) is com- 
pact at every point p G M. Let 7 : [0, 1] — + M be a chain-segment and <f> be a 
biholomorphic mapping on a connected open set U of the point 7 (0) such that 

cl>(UnM) C M'. 

Then the mapping <p is analytically continued along the whole chain-segment 7[0, 1] 
as a local biholomorphic mapping. 

Proof. Suppose that the assertion is not true. Then, without loss of generality, we 
may assume that the mapping (f> is analytically continued along all the subpath 
7[0, t],t < 1, but not the whole chain-segment 7[0, 1] as a local biholomorphic 
mapping. By the analytic continuation of the mapping (f>, there is a path <j) o 7 : 
[0, 1) — > M' . Then we consider the following sequences 

Pj = 7U-jJ, jeN+ 
Pi = ^o 7 fi-i], jeN+. 



j , 

Since M' is compact, passing to a subsequence, say mj, there is a point p' G M' 
such that p' m . — ► p' as j '• ^ 00 so that the closure 



Pm< =^07(1- — ], JEW 

rrii 



"j . 

is a compact subset in a coordinate chart of the complex manifold. 

Without loss of generality, we may assume that the chain 7[0, 1] C M in a 
coordinate chart of the complex manifold. By abuse of notation, we assume that 
M, M' are in C n+1 . Let v p be the canonical normalization of a nondegenerate real 
hypersurface M at a point p G M to Moser-Vitushkin normal form. 

Then the mapping 4> yields the following germs of a biholomorphic mapping: 

ipj = v p < o 4>o v~ x : v Pm . (M) — > v pl (M') . 

Since 7 : [0, 1] — > M is a chain-segment, there is a sequence of local automorphisms 

CTj- G Aut Pm] (M) 

such that the mapping v p ' m o cf> o a,j sends the germ of the chain 7 at the point p mj 
onto the straightened chain of the real hypersurface p, p ' m (Af) in Moser-Vitushkin 
normal form. By Lemma the composition ipj — v p i m o cf> o aj is analytically 

continued along the whole chain-segment 7[0, 1]. Therefore, there is a real number 
5 > such that, by abuse of notation, the mapping ipj is biholomorphic on the 
open neighborhood B (p mj 8) ■ 

By Lemma |45|, the set |^ Pm . ° (Tj o v p ^ : j G N + | is relatively compact.. Thus, 
by passing to a subsequence and shrinking 8 > 0, if necessary, we may assume that 
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the composition tj — v Vm o cry o and its converse Tj 1 are biholomorphically 
continued on the open neighborhood B (0; 5) . 

Since p mj — > 7(1) and p' m . — > p', by passing to a subsequence and shrinking 
<5 > 0, if necessary, we may assume that the canonical normalizations v Pm . , 

and their inverses v~ x ,i/Z are biholomorphically continued respectively on the 
open neighborhoods 

B(p mj ;8), B(p' m .;S), B(0;5), B(0;S). 
Then, by abuse of notation, the composition 

Xj = v~, X o ijjj o o 7-r 1 o i/ Pto 

is biholomorphic on the open neighborhood B {p mj ; 5) , if necessary, by shrinking 
<5 > 0. 

Note that the mapping Xj is a local biholomorphic continuation of the germ of 
the mapping <f> at the point p mj for each j G N + . Thus we take an integer K such 
that 

7(1) g-b 6w;0 

so that the mapping \k is an analytic continuation of the mapping <j) on the point 
7 (1) along the chain-segment 7(6, 1]. This contradiction completes the proof. □ 



Lemma 48. Let M, M' be nonspherical analytic real hypersurfaces in complex 
manifolds such that M' is compact and the isotropy subgroup Aut p (M) is com- 
pact at every point p £ M. Suppose that there is a biholomorphic mapping <j> on a 
connected open set U of a point p G M such that 

<p{UC]M) G M'. 

Then the biholomorphic mapping <f> is analytically continued along any path on M 
as a local biholomorphic mapping. 

Proof. For each point p G M, we make a biholomorphically equivalent deformation 
of the real hypersurfaces \x v (M) in normal form continuously to a real hyperquadric 
by using the scaling mapping 

\ z *r x *2 , agk+. 

w * — \ 2 w 

Because the chain is characterized by an order differential equation, the continuous 
family of chains on the real hyperquadric is continuously deformed by the parameter 
A on a real hypersurface biholomorphic to M near the point p(cf. JPa3| |). 

Let 7 : [0, 1] — * M be a path on M such that 7 (0) G U n M. Then, for each 
t G [0, 1], there is a real number s T > 0, a point p T G M and a continuous function 

T T : [0, 1] x ([0, 1] n (r - e T ,r + e T )) -» M 

such that 

1. T T (•, a) : [0, 1] — » M is a chain-segment for each a G [0, 1] n (r — e T , r + e T ), 

2. T r (0, a) = 7 (a) for each a G [0, 1] n (r - e r , r + e T ), 

3. T r (1, cr) = p T for all ct g [0, 1] n (r - e T , r + e r ). 
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Note that the family {[0, 1] n (r — e T , t + e T ) : r g [0, 1]} is an open covering of 
the compact set [0, 1]. Thus there is a finite subcover 

{[0, 1] n (Tj - e TJ ,73 + e Tj ) : r, g [0, 1], j = 1,- • • ,m} . 

Then, by Lemma the biholomorphic mapping </> is analytically continued along 
the whole path 7[0, 1] as a local biholomorphic mapping. This completes the proof. 

□ 

3.3. Holomorphic mapping on the boundary. 
Lemma 49. Let Q be a real hyperquadric defined by 

v = (z, z) = z X Z X + ■■■ + z n z n 
and <fi be a polynomial mapping as follows: 

z* = f(z,w) 



w* = g{z,w) 
where, for m > 2, 

f(fj,z,fi 2 w) = fi m f(z,w) 

(15) g(ij,z,fi 2 w) = n 2m g(z,w). 
Suppose that 

ct>(Q)cQ. 

Then <fr = 0. 

Proof. The mapping <j) = (/, g) yields the identity 

(16) $Sg(z,u + i{z,z)) = (f(z,u + i(z,z)),f(z,u + i(z,z))). 

Suppose that m is even, i.e., m = 2k > 2. We may consider z,z, u as independent 
variables in the identity [l6| Taking ~z = in the equality |l^ yields 

g(z, u) - g(0, u) = 2i(f(z, u), /(0, u)). 

Thus we can put 

(17) g(z, u) = 2i(f(z, u), /(0, u)) + 5R 5 (0, u) - i(f(0, u), /(0, u)). 
Note that 

/(Q, u) = /(0, l)t»* , 5 (0, u) - ,g(0, l)u m . 
Then the identity ^6| yields 

m{(J{z, u + i(z, z))J(0, l))(u + i<z, z))t } 
+3fi 5 (0,l)3(u + i(z,z)) m 
-(/(0,l),/(0,l))5R( U + *(z,z)) m 
= (f(z,u + i(z,z)),f(z,u + i(z,z))). 
Let p (z,"z) be a polynomial of the variables z,z satisfying 

p (fxz, vz) = fx v m p (z, z) . 

Then the polynomial p(z,z) is said to be of type (l,m). Collecting the terms of 
type (1,1), I = 0, 1, • • • , to — 1, yields 

miu- x (z, z) {(f(z, u),f(0, u)) - (/(0, u), /(0, u)) + %(0, u)} = 0. 
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Hence we obtain 

(f(z, u)J(0, u)) - (/(O, u), /(O, u)) + %(0, u) = 0, 

so that 

(f(z,u),f(0,u)) = (/(0,u),/(0,«)) 
%(0,u) = 0. 
Thus, from the identity [l?], we obtain 

g(z,u)=i(f(0,u),f(0,u)) 
by which the identity ^ yields 

(/(0, 1), /(O, l))K(u + *<z, z)) m = (/(*, u + z)),f(z, u + t(z, z))). 
Note that 

(f(z,u + i(z,z))J(z,u + i(z,z))) > 0, 

but 

R(u + z)) m = w m - m(m 2 ~ 1) M " 1 - 2 (z, z) 2 + • • ■ . 
Thus collecting terms of type (2, 2) yields 



m(m — 1) 



(f(0,l)J(0,l))u m - 2 (z,z 



> o. 

Since m > 2, we obtain 



x ^ z a z P ( d 2 f 

2-*> 2 I az"^ 



(0,«) 



(z,z) 2 (/(0, U ),/(0,u)) 



which yields 



i.e. 



(/(0,1),/(0,1)) = 
(/(z, u + i(z, z)), /(z, u + i(z, z))> = 0, 
/(s,u>) = g(z,w) = 0. 



Suppose that m is odd, i.e., m = 2k + 1 > 3. We may consider z,z, u as inde- 
pendent variables in the identity [l6| Then, by the condition [IB], taking z = in 
the equality |l6| yields 

5(z,u) = g(0,u) 

since 

/(0,«) = 0. 

Thus we can put 

g{z,u) = g(0,u), j(0,l)eR. 
Then the identity [IB] yields 

(18) 5 (0,l)3(w-H(z,z)) m = (f(z,u + i{z,z)),f(z,u + i{z,z))). 
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Note that 



but 



(f(z, u + i(z, z)), f(z, u + i(z, z})) > 0, 



3(w + i(z, z)) 1 



mu m 1 (z,z) 



m(m — l)(m — 2) , , 



Thus collecting terms of type (1,1) yields 

mgCO.lK"- 1 ^,*) 



Collecting terms of type (3,3) yields 

m(m — 1)(to — 2) 



> 0. 



(o,iK l - 3 M J 

2 



E 



m — 1 



a 3 / 



dz a dzPdz"t 



(0,u) 



5> (©<»•»> 



u 2 {z,zY 



> 0. 

Since to > 3, we obtain 

ff(0,l)(z,z) = 

by which the identity [l8| yields 

(f(z, u + i(z, z)), f(z, u + i(z, z))) = 0, 

i.e., 

f(z,w) = g{z,w) = 0. 

This completes the proof. 



□ 



Lemma 50. Let M, M' be strongly pseudoconvex analytic real hyper surfaces in 
C n+ . Let (j) be a holomorphic mapping on an open neighborhood U of a point 
p G M such that 

<f>(U n M) C M'. 

Then the mapping (f> is either a constant mapping or a biholomorphic mapping on 
U, if necessary, shrinking U. 

Proof. We take q — <fi(p) so that 

Lp = fig o cj> o fi~ 1 : fi p (M) -> fi q (M 1 ) . 

Then the mapping Lp is a holomorphic mapping on an open neighborhood V of the 
origin satisfying 

LP (tip (M) n V) C fi q (M') . 
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The mapping tp = (/, g) in C" x C is decomposed as follows: 

oo oo 

f( z , w ) = z2fk(z,w), g(z,w) = ^2g k (z,w), 

k=l k=l 

where 

f m ((iz,fj?w) = /j, m f m (z,w), g m {nz,^ 2 w) = ii m g m (z,w). 
We assume that \i v (M) , fj, q (M') are defined respectively by the equations 
v — F(z,~z, u), v — (z, z) + F* (z,z,u) 

where 

F(z,z,u) = (z,z) + o(|z| 4 ) , F*(z,z,u) = O (|z| 4 ) . 
Then we obtain the following identity near the origin 

3<?(z, u + iF(z,z, u)) 
= (f(z,u + iF(z,z,u)),f(z,u + iF(z,~z, u))) 



(19) +F*(f(z, u + iF{z,z, u)),f(z, u + iF(z,z, u)), $tg(z, u + iF(z,z, u))). 
Then, up to weight 2, we obtain 

%iM) = o 

3g 2 (z,u + i(z,z)) = (/i(z,0),/i(z,0)) 

which yields 

(/l(«,0),A(2,0)) = <«,z)KS2(0,l) 

and 

gi (z,0) = 

g 2 (z,w) = g 2 {Q,l>, ss(fl,l)el 

Note that (72 (0, 1) 7^ if and only if the mapping tp is a biholomorphic mapping at 
the origin. 

Suppose that the assertion is not true. Then we have 
f 1 (z,0)=g 1 (z,0) = g 2 (z,w) = 0. 
As inductive hypothesis, suppose that, for m > 2, 

fi(z,w) = 0, I = 1,- ■ ■ ,m - 1, 

(20) 9i(z,w) = 0, I = !,-■■ ,2m -2. 

By the condition 

F(z, z, u) = (z, z) + O (|z| 4 ) , F*(z,z, u) = o (|z| 4 ) , 
the identity [l9] yields 

%m-l(z, U + i(z,z)) = 

Here we may consider z,~z,u as independent variables so that taking z = yields 
52m-i(z,« + i(z,z)) = g 2m -i(0,u- i(z,z)) = 0. 
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Hence the hypothesis 20 necessarily comes to 

fi{z,w) = 0, I = I,-- - ,m- 1, 
gi(z,w) — 0, I = 1, • • • , 2m — 1. 

Then the identity [l9] yields 

%2m(z,« + i(z, z)) = (f m (z,u + i(z, z}), f m (z,u + i(z, z})}. 
Note that the polynomial mapping ip m = (f m ,g2m), m > 2, satisfies 

¥>rn (Q) C Q. 

By Lemma [l9|, <^ m = so that 

fi(z,w) = 0, Z = l,-- - ,m, 
gi(z,w) = 0, I = !,-■■ ,2m. 

This completes the induction so that <p = 0, i.e., the mapping 9? is a constant 
mapping. This completes the proof. □ 

3.4. Proper holomorphic mappings. 

Lemma 51. Let D,D' be strongly pseudoconvex bounded domains with nonspheri- 
cal real analytic boundaries bD, bD' such that the boundaries bD, bD' are both simply 
connected. Suppose that there is a biholomorphic mapping (f> on a connected open 
neighborhood U of a point p £ bD such that 

(j){UC\bD) C bD'. 

Then the mapping (f> is analytically continued to a biholomorphic mapping from D 
onto D' . 

Proof. Since bD, bD' are simply connected, by Lemma ^8|, the mappings 0, <fi~ 1 are 
both analytically continued, by abuse of notation, respectively to a biholomorphic 
mapping 

<t> : D -> D 

and 

4T 1 : D' -> D. 

Then, by the identity theorem, the mapping <p is biholomorphic. This completes 
the proof. □ 



Lemma 52. Let D,D' be strongly pseudoconvex bounded domains with nonspheri- 
cal real analytic boundaries bD, bD' such the boundary bD' is simply connected and 
the closed set D' satisfies the fixed point property. Suppose that there is a biholo- 
morphic mapping ip on a connected open neighborhood U of a point p G bD such 
that 

4>{Un bD) C bD'. 

Then the mapping (f> is analytically continued to a biholomorphic mapping from D 
onto D' . 
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Proof. Since bD' is simply connected, by Lemma [48|, the inverse mapping 1 is 
analytically continued to a locally biholomorphic proper mapping 

tp : D' -> D. 

Note that the mappings ip : D' — ► D and tp : bD' — ► 6D are both covering maps. 
We claim that the covering is simple. Otherwise, there is a nontrivial deck trans- 
formation of D' yields a continuous self mapping of D' with no fixed point. This 
is a contradiction. Therefore, the mapping tp :£)'—> D is biholomorphic. This 
completes the proof. □ 



Lemma 53. Let D, D' be strongly pseudoconvex bounded domains with nonspheri- 
cal real analytic boundaries bD, bD' such that the domain D and the boundary bD' 
are both simply connected. Suppose that there is a biholomorphic mapping <j) on a 
connected open neighborhood U of a point p £E bD such that 

cj)(UnbD) C bD'. 

Then the mapping 4> is analytically continued to a biholomorphic mapping from D 
onto D' . 

Proof. Since bD' is simply connected, by Lemma ^8|, the inverse mapping _1 is 
analytically continued to a locally biholomorphic proper mapping 

Lp : D' -> D. 

Note that the mapping ip : D' — > D is a covering map. Since D is simply connected, 
the covering is simple. Therefore, the mapping ip : D' — ► D is biholomorphic. This 
completes the proof. □ 



Theorem 54. Let D, D' be strongly convex bounded domains with real analytic 
boundaries bD,bD'. Suppose that there is a biholomorphic mapping <f> on a con- 
nected open neighborhood U of a point p € bD such that 

cj>(UDbD) C bD'. 

Then the mapping <f> is analytically continued to a biholomorphic mapping from D 
onto D' . 

Proof. Note that a strongly convex bounded domain is homeomorphic to an open 
ball B n+1 . Suppose that the boundaries bD,bD' are spherical. Then we take a 
biholomorphic mapping ip on U, if necessary, shrinking U, such that 

(p(UC)bD) c bB n+1 . 



Then, by Lemma 19, the mapping ip and the composition tp = cp o cf> 1 are analyti- 
cally continued, by abuse of notation, to biholomorphic mappings as follows: 

ip : D B n+l and ip : D' —> B n+1 . 

Thus the composition o tp : D — > D' is a biholomorphic mapping and the 
analytic continuation of the mapping (j). 

Suppose that the boundaries bD, bD' are nonspherical. Then, by Lemma [53], the 
mapping (f> is analytically continued to a biholomorphic mapping from D onto D'. 
This completes the proof. □ 
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Lemma 55. Let D,D' be strongly pseudoconvex bounded domains with real an- 
alytic boundaries bD, bD' . Suppose that there is a proper holomorphic mapping 
<j) : D — > D' '. Then there is an open neighborhood U of a point p G bD such that the 
mapping <fi is analytically continued on U and 

cj)(UDbD) C bD'. 

Proof. We may apply the boundary regularity of Lemma [l6] so that the mapping 
if : D — ► D' is holomorphic on an open neighborhood of D. This completes the 
proof. □ 

Lemma 56. Let <f> : B n+l — ► B n+1 be a proper holomorphic mapping. Then cf> € 
Aut (B n+1 ) . 

Proof. By Lemma there is an open neighborhood U of a point p G bB n+1 such 
that 4> is analytically continued on U and 

4>(u n bB n+1 ) C bB n+1 . 
By Lemma [17], € Aut (£? n+1 ) . This completes the proof. □ 

Lemma 57. Lei D,D' be strongly pseudoconvex bounded domains in C™ +1 with 
real analytic boundaries bD,bD'. Suppose that there is a proper holomorphic map- 
ping (j) : D — > D' . Then the mapping <f> : D — > D' is a locally biholomorphic mapping 
so that <j) : D — > D' is a covering map. 

Proof. By Lemma |5^, there is a point p £ bD and an open neighborhood U of the 
point p such that the mapping <j> is analytically continued to U and 

cj>(UDbD) C bD'. 

By Lemma the mapping <j) is biholomorphic on U, if necessary, shrinking U. 

Suppose that the boundaries bD, bD' are spherical. Then, by Lemma |3^, the 
mapping : is a locally biholomorphic mapping. 

Suppose that the boundary bD, bD' are nonspherical. Then, by Lemma fl8| 
the mapping ip : D — > D' is analytically continued on an open neighborhood of 
the boundary bD to be locally biholomorphic. Thus the mapping tf> is a locally 
biholomorphic mapping. This completes the proof. □ 

Theorem 58. Let D be a strongly pseudoconvex bounded domain with real analytic 
boundary bD. Suppose that there is a proper holomorphic self mapping <f> : D — > D. 
Then (j) is a biholomorphic automorphism of D. 

Proof. By Lemma |57], the mapping 4> '■ D — > D is a self covering map. We claim 
that (f> : D — > D is a simple covering. Otherwise, there would be a integer m > 1 
such that, for every p S -D, m is the order of the set 

Then we define the k times composition (/> fc of the mapping tj> as follows 

<h k =6o---o6:D -^D. 



Note that the inverse image of each point p 6 D under the mapping 4> k : D — > £>, 
/c € N + , is a set of order 



k 
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We claim that, for a given real number S > 0, there is a point q € bD and a 
compact subset K CC D and a subsequence <j) mk such that 

(f>~ mk (B (q; S) n D) n K ^ for all k G N+. 

Otherwise, for every compact subset if CC D, there is an integer 2 such that 

</T fe (D\if) C D\K for all fc > I. 

Since <p k : D — > D is a finite covering map, we have 

D = (f>- k (if U D\K) = (j)- k (if) U (j)- k (D\K) 

so that 

X C 4>~ k (if) for all k > I. 

Note that the inverse image of cf>~ k (if) is a union of m k disconnected compact 
subsets. We may assume that if is connected so that if is in a compact subset of 
the union <p~ k (if) . This is impossible. Thus, with such a point q G bD, we take 
an accumulation point q' G D' of the set 

lim (f>-" lk ({<?}) = lim {p G bD : (p) = q] . 

k — >oo k — >oo 

Suppose that bD is spherical. Then there are open neighborhoods U, U' respec- 
tively of q, q' and biholomorphic mappings ip, ip' respectively on U, U' such that 

ip(Uf]bD) C bB n+1 

ip'(U'nbD) C bB n+1 . 

By Lemma [l^, the compositions 

ip k = ip' o o V-" 1 : ip (U n £>) -> ^' (c/' n D) 

is analytically continued to, by abuse of notation, automorphisms (p^ G Aut (£>™ +1 ) . 
By the construction, a subsequence (p mk must converges to the point ip' (q 1 ) uni- 
formly on every compact subset of B n+1 . Thus there is a sequence of real numbers 
8k \ such that 

(f) mk ■ B{q';5 k )nD U n D 

and 

(j) mk = ijr 1 o o ^' on £ (g'; 4) n £>. 
Then we take a point p *E U H D such that there is a sequence ft satisfying 

g fc G<T m * (M)ns(g';^) 

and, for a compact subset if CC -D, there is a sequence p& satisfying 

Pk g <r m * (M) n 

Therefore, there is a sequence of deck transformations (pk € of the 

covering map (p mk : D — > £> such that 

0fc (pfe) = ft — > g' G 6D. 
Since p& G if, by Lemma |l5|, there is a biholomorphic mapping 

Then the composition 

L = Gocf)o<T- 1 :B n+l ->B n+l 
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would be a proper self mapping, but not an automorphism of the unit ball B n+1 . 
This is a contradiction to Lemma ^ that every proper self mapping of the unit ball 
B n+1 is an automorphism of the unit ball B n+1 . 

Suppose that bD is nonspherical. We take a sequence p k & bD such that 

Pk e <fr k ({?}) c bD 

and 

\p k - q'\ = min{|p -q'\:pe <\>~ k ({q})} . 

Let fip h be the canonical normalizing mapping at the point pk € bD. Since p k — > g', 
there is an open neighborhood of the point q' such that the mapping /i Pk is 
analytically continued on W. Then we define a function (p) for a sufficiently 
large k and a point p G n bD such that 

n 

£fc (P) = J! 1^' ° + l w ° ^P* 

i=i 

where 2j, j = 1, • • • , n, w are the coordinate functions of C" +1 such that Zj, j — 
1, • • • , n, are for the complex tangent hyperplane and w are for the complex line 
normal to the complex tangent hyperplane of n Pk (W fl bD) at the origin. Then we 
take a sequence q k such that 

q k G r k ({<?}) C 6£ 

and 

e k (q k ) = min {e fc (jp) : p £ (j)- k {{q})} . 

Let 7Tfc be a complex line containing p/- and q k . Then we take a subsequence Tt mk 
so that 7r mfc converges to a complex line 7r g / C T g /C n+1 . In other words, the a 
subsequence q mk converges to the point q' to a direction. Then we obtain 

Then we define a biholomorphic mapping 




where 

e m fc e m fc (<?mfc ) • 

Then we take the composition 

n k ee a-,7 1 o ^ mfc : ^ g (6D) -> CTjT 1 o (6D) . 

Note that there is a real number 5 > such that the germs of real hypersurfaces 
H q (bD) and a^ 1 o (W?) are analytically continued to the open neighborhood 
B (0; 8) . Since the boundary bD is nonspherical, by Lemma |4^, the mapping K k is 
biholomorphic on B (0; 5) , if necessary, shrinking S > 0. Further, by the construc- 
tion, the limit of the sequence K k cannot be a constant mapping on B (0; 5) so that, 
by Theorem [30], the limit of the sequence n k would be biholomorphic on B (0; S) . 

By the way, the sequence of real hypersurfaces a^ 1 o fj, Pm (bD) converges to a 
real hyperquadric uniformly on an open neighborhood of the origin. Therefore, the 
germ of the boundary bD at the point q' is spherical so that the boundary bD is 



spherical(cf. Pa3|). This is a contradiction to the fact that the boundary bD is 



nonspherical. This completes the proof. □ 
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3.5. Locally realizable CR manifolds. Let M be a CR manifold of CR dimen- 
sion n and CR codimension 1 with a CR structure (D, I) where D is 2n dimensional 
smooth subbundle of the tangent bundle TM and I is an automorphism on D such 
that 

I 2 V = -V for V £ YD. 
For each point p £ M, there is a local coordinate chart (U, ip) such that 

(fi(U) C R 2n+1 . 

Then M shall be called locally realizable CR manifold if there is an open neighbor- 
hood U of each point p £ M and CR functions /i, • • • , f n +i on ip (U) satisfying 

dfi A • • ■ A df n+1 ,4 0. 

Let 2j, j = 1, • • • , n + 1, be the coordinate functions of C n+1 . Then we obtain a 
local embedding a of U C M into C™ +1 such that 

/_,- = z j o a o ip^ 1 . 

The CR manifold M shall be called a locally analytically realizable CR manifold 
when <7 (U) is real analytic by a local embedding a on an open neighborhood U of 
each point p £ M. Note that M is either spherical or nonspherical(cf. |Pa3| ) . 

Lemma 59. Let M be a connected locally analytically realizable CR manifold. Sup- 
pose that there is a nontrivial CR mapping ip on an open neighborhood U of a point 
p £ M such that 

<p{U) C bB n+1 . 

Then the mapping cp is CR continued along any path on M as a locally CR diffeo- 
morphic mapping. 



Proof. Since M is connected, M is necessarily spherical(cf. [Pa3]). Suppose that 
the assertion is not true. Then there is a path 7 : [0, 1] — > M with 7 (0) = p 
such that the mapping ip is CR continued along all subpath 7[0,r] with r < 1, 
but not the whole path 7[0, 1]. Then we take a CR embedding a (V) C C™ +1 of an 
open neighborhood V of the point 7(1) such that a (V) is a spherical analytic real 
hypersurface and 

<p o o-- 1 : a (V) -> bB n+1 

is a locally CR diffeomorphism. Without loss of generality we may assume that 
7[0, 1] C V. Hence there is an open neighborhood W of the point a (7 (0)) and a 
biholomorphic mapping (f> on W such that 

(j) = tp o cr _1 on cr (V) W. 

Then the mapping ip is analytically continued along the whole path er(7[0, 1]). 
From, by abuse of notation, the mapping <f> at an open neighborhood W of the 
point a (7 (1)) and a CR embedding a of an open neighborhood V of the point 
7 (1), we obtain the CR mapping 

o a : a' 1 [W' n a (V')) -► bB n+1 

which is a CR continuation of the CR mapping ip. This completes the proof. □ 
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Theorem 60. Let M be a connected locally analytically realizable CR manifold. 
Suppose that M is compact and there is a nontrivial CR mapping ip on an open 
neighborhood U of a point p € M such that 

tp(U) C bB n+1 . 

Then there is a finite subset L C bB n+1 such that the inverse CR mapping ip~ 1 is 
CR continued along any path on bB n+l \L as a locally CR diffeomorphic mapping. 

Proof. Since M is connected, M is necessarily spherical(cf. [jPajJ). Let qj G bB n+1 
be a sequence converging to a point q G bB n+1 and tfij be a sequence of the CR 
continuation of the inverse mapping ip~ l at the point qj. We set 

q'j = <Pj fe) g m. 

Since M is compact, there is a subsequence q' m . and a point q' £ M such that 

Then we take a CR embedding a of an open neighborhood V of the point q' G M 
such that a (V) C C n+1 is a spherical analytic real hypersurface. Then we apply 
the same argument as in the previous sections so that the singular locus L is a finite 
subset of bB n+1 and the inverse CR mapping ip^ 1 is CR continued along any path 
on bB n+1 \L. This completes the proof. □ 

Lemma 61. Let M,M' be connected locally analytically realizable CR manifolds 
with positive definite Levi form. Suppose that M, M' are nonspherical and M' is 
compact, and there is a nontrivial CR mapping tp on an open neighborhood U of a 
point p G M such that 

tp(U) c M'. 

Then the mapping <p is CR continued along any path on M as a locally CR diffeo- 
morphic mapping. 

Proof. Since M, M' are locally analytically realizable and the Levi forms of M, M' 
are positive definite, the isotropy subgroups Aut p (M) , Aut p i (M 1 ) are compact for 
every point p G M,p' G M'. 

Let qj G M be a sequence converging to a point q G M and tpj be a sequence of 
the CR continuation of the mapping ip at the point qj. We set 

Qj = <Pi iu) e M '- 

Since M' is compact, there is a subsequence q' m . and a point q 1 G M' such that 

Then we take CR embeddings a, a' respectively of open neighborhoods V, V respec- 
tively of the points q G M, q' G M' such that a (V) , cr' (V 1 ) C C n+1 are nonspherical 
analytic real hypersurface. Then we apply the same argument as in the previous 
subsection. This completes the proof. □ 

Theorem 62. Let M, M' be connected locally analytically realizable CR manifolds 
with positive definite Levi form. Suppose that M, M' are compact and nonspherical, 
and there is a nontrivial CR mapping ip on an open neighborhood U of a point p G M 
such that 



ip (U) c W. 
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Then the maximal CR extension of the mapping ip is a CR equivalence between the 
natural universal covering spaces of M, M' to be the pointed path spaces respectively 
of M, M' mod homotopic relation. 

Proof. By Lemma ^5l| the mapping <p is CR continued along any path on M as a 
locally CR diffeomorphic mapping. Note that M is compact and 

if- 1 ^ {U)) CM 

so that we apply Lemma ^n] to the inverse mapping ip^ 1 . Thus the inverse mapping 
ip^ 1 is CR continued along any path on M' as a locally CR diffeomorphic mapping. 
Thus the CR continuation of the mapping (f> induces a CR equivalence between the 
natural universal coverings of M,M', which are the path spaces mod homotopic 
relation respectively over M, M' with the natural CR structure. This completes 
the proof. □ 

References 

[Bo] A. Boggcss, CR functions and the tangential Cauchy-Riemann complex, CRC Press, Boca 
Raton, 1991 

[CJ] S.-S. Chern and S. Ji, On the Riemann mapping theorem, Ann. of Math. 144(1996) 421-439. 

[Kr] S. G. Krantz, Function theory of several complex variables, Wadsworth, Inc., Belmont, 1992 

[Pal] W. K. Park, Normal forms of real hypersurfaces with nondegenerate Levi form, 
http://xxx.lanl.gov/math.CV/9902034 

[Pa2] W. K. Park, Umbilic points and real hyperquadrics, http://xxx.lanl.gov/math.CV/9902035 

[Pa3] W. K. Park, Analytic continuation of a biholomorphic mapping, 
http://xxx.lanl.gov/math.CV/9902036 

[Pi] S. I. Pinchuk, On proper holomorphic mappings of strictly pseudoconvex domains, Sib. 
Math. J. 15(1974) 644-649 

[Ra] R. M. Range, Holomorphic functions and integral representations in several complex vari- 
ables, Springer- Verlag, Berlin, 1986 



